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Introduction and Summary 


In space flight, as was the case during the ancient long and ardu- 
ous terrestrial voyages over unknown oceans, there will be much 
more to look for than sea serpents and mermaids. Though the 
possibility of space serpents and celestial sirens might be in- 
triguing, there wiil actually be required a long and continuous 
watch of the features of the physical environment, which will be 
needed for successful consummation of the flight. The future 
navigator and pilot will see and experience many new things in 
These will excite his wonder, and at 
Some of the 


the universe about him. 
least an indication of an explanation will be desired. 
answers afforded by past and present basic researches in astron- 
omy, astrophysics, and geophysics will be provided in this paper, 
even though the information be imperfect. 

It will be the purpose here to estimate and discuss various 
physical space attributes of the natural environment in the solar 


system. In particular, the discussion will be concerned with a 


cursory survey of the characteristics of solar radiations, the ef- 
fects of solar and other thermal radiations on vehicle temperature, 
the characteristics of the Earth’s magnetic fields and other mag- 
netic fields in space, the Earth’s exosphere and the solar corona, 
cosmic rays, and meteoroids. Estimates of the probability of 
vehicle skin penetration by meteoroids are also presented. 


Solar Radiation 


Www we know a good deal about the solar radia- 
tion in the visible and near-infrared part of the 
spectrum, and about the solar radiation in the radio 
wave spectrum, there is a great deal of short wavelength 
solar radiation which is absorbed in the upper at- 
mosphere and cannot be observed from the surface. In 
fact, until high-altitude rockets and satellites were 
available, the radiation in the ultraviolet and X-ray re- 
gion could only be guessed at. 

This is unfortunate, since the short-wave radiation 
from the Sun has a very marked effect on our at- 
mosphere, particularly the upper atmosphere. It was 
expected that this short-wave radiation changed mark- 
edly with activity on the Sun, since there were very pro- 
nounced changes in the conditions in our upper at- 
mosphere which correlated with solar activity. For 
example, changes of solar activity were closely related 
to changes in the free electron density in the ionosphere, 
which could be observed by radio propagation methods, 
and with auroral and geomagnetic activity, which 
could also be observed in a number of ways from the sur- 
face of the Earth. 
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Within the last three years, however, direct confirma- 
tion has been obtained of the changes in solar short- 
wave radiation by means of rocket observations. Since 
a rocket can only spend a short length of time above the 
atmosphere, it is difficult to observe time variations of 
solar X-ray or ultraviolet radiation. Observing the 
Sun from rockets is somewhat like a porpoise trying to 
get a reading on the cloud cover; he can poke his head 
out for a few seconds, and then he must fall back down 
into the gloom of his native realm. However, the 
Naval Research Laboratory scientists have been able 
to time their rocket ascents to coincide with disturb- 
ances on the Sun, and have been able to observe the en- 
hanced radiation which comes from the Sun during these 
brief periods of time—periods which may last for but a 
few minutes. 

Fig. 1 shows an overall view of the solar spectrum 
from about 0.2 to 3 microns. This was calculated by 
the Naval Research Laboratory! and relied on their 
rocket observations for the ultraviolet section and on 
observations by the Smithsonian Astrophysical Ob- 
servatory’ for the visible and infrared radiations. Fig. 2 
shows the ultraviolet part of the spectrum in more de- 
tail. It should be noted that while the visible and in- 
frared spectrum approaches a black body distribution 
with an equivalent temperature of about 5,700°K., the 
near ultraviolet departs from this black body distribu- 
tion. As was noted in Fig. 1, it can also be seen that 
there is a good deal of small-scale variation from wave- 
length to wavelength, due to the fact that certain ele- 
ments on the Sun’s surface emit or absorb more strongly 
at certain wavelengths than others, and also due to ab- 
sorption in the Sun’s lower atmosphere. There is no 
easy explanation for the departures of the intensity in 
the ultraviolet from a black body at constant tempera- 
ture. Generally, it is assumed that the gases which con- 
trol the near ultraviolet emission from the Sun are in 
the lower part of the Sun’s atmosphere and are some- 
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what cooler than the underlying gases in the photo- 
sphere, which is the source of the visible radiation. 

In Fig. 3, which shows the extreme ultraviolet and 
X-ray spectrum as far as we know it,*~ it will be seen 
that the spectrum becomes even more complicated as 
one goes to shorter wavelengths. In particular, the 
ultraviolet emission lines which occur in the general 
neighborhood of 1,000 angstroms are very intense, and 
about 50 of these strong emission lines have already 
been identified in spectra obtained from rockets above 
the Karth’s atmosphere by the Naval Research Labora- 
tory. By far the most intense emission lines are those 
of hydrogen—lines which are given the names Lyman- 
alpha and Lyman-beta. It will be noted that there is 
some uncertainty in the exact value for the energy in the 
Lyman-alpha line, but that it is certainly very much 
more intense than the ultraviolet continuum. This line 
intensity therefore corresponds to a high equivalent 
black-body temperature, and may come from hydrogen 
in the chromosphere of the Sun, where the equivalent 
temperature can rise to the order of 100,000°K. Ob- 
servations of Lyman-alpha during eclipses of the Sun, 
when the dise of the Sun (the photosphere) is blocked 
out, further bear out the chromospheric origin of this 
line. 

These and even higher temperatures can also account 
for the strong X-ray radiation from the Sun’s atmos- 
phere, although this seems to be even less well under- 
stood. The values for the solar X-ray emission were 
taken from the NRL observations with rockets over a 
period of years. The reason for the large spread in the 
X-ray emission may be experimental error or it may be 
real changes with time in this part of the spectrum. 
There are many reasons for believing that the X-ray 
radiation below about 10 angstroms really does change 
with solar activity, since such changes in radiation 
would account for some of the phenomena which are ob- 
served in the atmosphere during solar activity, to which 
we have already referred. The most remarkable of 
these phenomena is perhaps that of radio blackout, in 
which, almost immediately following a solar flare, an 
increase in electron density in the lower part of the iono- 
sphere, or D-region, causes an increased absorption of 
high frequency radio waves. A logical explanation of 
this increase in electron density in the upper atmosphere 
is that solar X-ray radiation in the vicinity of 2 to 5 ang- 
stroms has increased, causing this additional ionization 
to occur. 

The gap from 100 to about 950 angstroms is a real 
gap. To our knowledge there have been no observa- 
tions of solar radiation in this region, known as the 
“hard ultraviolet.”” It is a region of the spectrum in 
which detectors are difficult to come by, in which pho- 
tographic film and normal optical techniques fail, and 
one which requires a very high altitude rocket to observe 
in order to be free of any residual absorption. It is 
hoped that in the next few years we will get some in- 
formation in this important part of the spectrum. 

Finally, it will be noted that the solar X-ray fluxes 
are of the order of 10~* microwatts per square centi- 
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meter per angstrom, or less. The integrated energy in 
the X-ray region outside the Earth’s atmosphere is thus 
of the order of 0.1 microwatt per square centimeter or 
less. This flux of energy is not to be confused with the 
radiation detected in the Van Allen radiation belt by 
recent satellites and space probes.* The radiation belt 
consists of charged particles which are trapped by the 
Earth’s magnetic field. (See below, section on Cosmic 
Rays.) These charged particles are still not completely 
identified, but must be either electrons or protons, with 
energies ranging from 50 or 100 kev (if electrons) to 
over 50 Mev (if protons). It is possible that secondary 
X-rays (bremsstrahlen) are produced when the elec- 
trons impinge on the skin of a vehicle. In any case, the 
important fact to be considered is that the energy in 
the radiation belt, whether protons, electrons, or sec- 
ondary X-rays, probably could penetrate into a vehicle 
with moderately thin walls, and could constitute a haz- 
ard to the occupants over a period of several hours. It 
is estimated by Van Allen that, in the heart of the radia- 
tion zones, the minimum exposure levels for an un- 
shielded detector (or person) would be 5 to 10 roent- 
gens per hour, assuming the flux is due to electrons or 
X-rays. It could be greater by a factor of ten, how- 
ever, if the flux is due to protons with energies in the 
tens of Mev range. It is still not known just how pene- 


trating this radiation is, but it is certainly much more 
penetrating than the direct solar X-rays, which could 
be stopped by a piece of metal foil or plastic material, 
and would therefore not be a hazard to an occupant of a 
space ship. 
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Thermal Radiations 


The primary mode of heat exchange between a space 
vehicle and its environment is radiation. These radia- 
tion exchanges and any internal heat generation thus 
determine the vehicle’s internal temperature and its sur- 
face temperature. The surface receives thermal radia- 
tion from the Sun and, if close to a planet, reflected 
solar radiation as well as radiation from the atmosphere 
and the surface of the planet itself. In the thermal 
range, the Sun radiates approximately as a black body 
with a surface temperature of about 6,000°K. At the 
Earth's distance, this results in an energy flux of about 
1.98 cal/(sq.cm.)(min.). The radiation from the 
planets depends on their temperatures and atmospheres. 
The amount of this radiation falling on the vehicle’s 
surface which is actually absorbed depends on the spec- 
tral absorption characteristics of the surface material. 
Similarly, the amount of radiant energy emitted by the 
surface depends not only on the surface temperature but 
also the spectral emission characteristics of the surface. 

To illustrate the effects of the spectral character of 
the surface, consider the equilibrium temperature of a 
body in the solar system. For simplicity, we shall con- 
sider, for the moment, a body far from any planet so 
that it receives heat only by solar radiation: 


Heat absorbed = a(E/r*)A, 


where a is the surface absorptivity for solar radiation, E 
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is solar radiation flux at the Earth’s distance from the 
sun (y = one astronomical unit = 150,000,000 km.), 7 
is the distance from the sun in astronomical units , and 
A, is the projected area of the body normal to the ra- 
diant incidence. The heat emitted by the body is 


Heat emitted = A, 


where ¢ is the surface emissivity, 7,7“ is the emission of 
a black body at the same temperature, and A, is the 
body’s radiating surface area. For steady-state condi- 
tions with no internal heat generation, the radiant ab- 
sorption and emission can be equated, giving 


a(E/r?2)A, = 
and the radiation equilibrium temperature is 
T = 


The equilibrium temperature attained by a surface in 
space depends, then, on its distance from the Sun, the 
ratio of its projected area to radiating area, and the ra- 
tio of its absorptivity for solar radiation to its emissivity 
for its own radiation. This result is shown graphically 
in Fig. 4 for a spinning sphere (A,/A, = 1/4) with a/e = 
0.1, 1.0, and 10. The estimated average temperatures 
of the planets’ are indicated. These are seen to be 
slightly below the line for a black body (a/e = 1.0); 
this is due to the reflection of a portion of the solar ra- 
diation from the planetary atmosphere and surface (i.e., 
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Fic. 3. Extreme ultraviolet and X-ray portion of the solar spectrum. 
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Fic. 4. Radiation equilibrium temperature of a spinning 
sphere as a function of its solar distance and surface radiation 
character. 


a < 1.0) and an effective emissivity close to unity (due 
to the multiple absorbing and emitting layers in the 
planetary atmosphere). 

The absorptivity and emissivity of a material depends 
not only on the wavelength of the radiation—1i.e., ra- 
diator temperature—but also on the chemical and me- 
chanical character of the surface. Typical variations 
with radiator temperature are indicated in Fig. 5. The 
absorptivity and emissivity of most polished metal sur- 
faces increase approximately linearly with tempera- 
ture. The resulting ratio of absorptivity for solar ra- 
diation (radiator temperature ~ 6,000°K.) to emissiv- 
ity for its own radiation is appreciably greater than 
unity (a/e ~ 10). This results in the familiar ‘‘green- 
house’ effect, where a body absorbs solar radiation 
much more efficiently than it can emit its own radiation. 
On the other hand, a nonmetal inay exhibit the oppo- 
site trend, the absorptivity and emissivity decreasing 
with radiator temperature. In this case, the surface is 
able to emit radiation more efficiently than it can ab- 
sorb solar radiation; this results in a lower radiation 
equilibrium temperature. Rough or oxidized metal sur- 
faces generally exhibit little effect of radiator tempera- 
ture on absorptivity and emissivity. The effect of the 
absorptivity /emissivity ratio on the radiation equilib- 
rium temperature is evident in Fig. 4. It is apparent 
that the surface spectral characteristics can result in 
appreciable effects on the radiation equilibrium tem- 
perature. For example, the radiation equilibrium 
temperatures of an oxidized metal and a shiny metal are 
greater by factors of approximately 10''* = 1.79 and 
V 10 = 3.16 than the equilibrium temperature of a non- 
metal. The surface material and surface condition are, 
therefore, of primary importance in determination of 
the radiation equilibrium temperature. If surface ra- 
diation is used to regulate a vehicle's temperature, the 
surface characteristics must be carefully chosen and 
maintained. This has been done successfully in the 
case of the Explorer satellite vehicles’ where appropri- 
ate fractions of the surface were covered with Rokide 
(a/e = 0.437) and two different steels (a/e = 1.92 and 


4.12). This resulted in average values of a/¢ = 1.37 on 
the cylindrical section and a/e = 1.61 on the nose 
cone. 


If the space vehicle is near one of the planets, account 
must also be taken of reflected solar radiation from the 
planet, of radiation from the planet itself, and of the 


elimination of solar radiation if the vehicle is in the 
planet’s shadow. In the neighborhood of the planet, 
the heat balance of Eq. (1) becomes 


T/T) = {2 — a,[1 — (1/4)(€/a)]}!4 (2) 
for the vehicle on the Sun side of the planet, and 
T/T. = [ap (€/a)(A-/A,) (3) 


for the vehicle on the dark side of the planet. In these 
equations 7) is the radiation equilibrium of the vehicle 
far from any planet and at the same distance from the 
Sun and a, is the absorptivity of the planet for solar ra- 
diation. The effects of the surface radiation character- 
istics on the radiation equilibrium temperature of a spin- 
ning sphere near a planet are shown in Fig. 6 for a planet 
having an absorptivity a, = 0.5. It is seen that the 
presence of the planet has an appreciable effect on the 
vehicle’s radiation equilibrium temperature over a 
wide range of absorptivity /emissivity ratios. For alow 
value of a/e (e.g., a nonmetal), the equilibrium temper- 
ature is relatively unchanged on the dark side of the 
planet but is about 30 per cent higher on the Sun side. 
For a/e close to unity (e.g., rough metal), the equi- 
librium temperature is about 40 per cent lower on the 
dark side and about 13 per cent higher on the Sun side 
of the planet. For a high value of a/e (e.g., a shiny 
metal), the surface equilibrium temperature is about 67 
per cent lower on the dark side and only about 11 per 
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cent higher on the Sun side. It should be emphasized 
that these are equilibrium temperatures—attained only 
after a period of time sufficient for steady-state heat 
exchange to be achieved. Actually, flight near a planet 
is more apt to be a transitory nature, so that transient 
heat-transfer effects would become important. For ex- 
ample, the surface temperature of a satellite vehicle 
which passes from the dark side to the Sun side of a 
planet would tend to oscillate somewhere between the 
limits shown in Fig. 6. The amplitude of the oscilla- 
tions would depend on the heat capacitance of the sur- 
face material and heat exchanges with internal equip- 
ment. A technique for the prediction of satellite tem- 
perature variation has been frequently described (e.g., 
see Buwalda and Hibbs’) and will not be discussed fur- 
ther here. 

Any internal heat generation within the vehicle also 


affects the equilibrium surface temperature. In that 
case the heat balance of Eq. (1) is modified to 
= (1 + (qi/€ onTo' Ay) |" (4) 


where g; is the rate of internal heat generation and 74 
is the radiation equilibrium temperature the surface 
would attain with no internal heat generation. 

For manned vehicles spending an appreciable time at 
distances from the Sun appreciably greater than the 
earth's distance, some form of internal heat generation 
would be necessary to keep the interior at tolerable 
temperature levels. The amount of this heat generation 
would depend on the Sun’s distance and on the thermal 
insulation between the interior and the outer surface. 
As an extreme case, consider a vehicle at such a great 
distance from the Sun that solar radiation is negligible 
compared to the surface heat loss. In this case, an in- 
ternal heat generation of about 100 watts/sq.m. would 
be required with about | in. of good insulation between 
the interior and the outer surface. This heat require- 
ment could be reduced to lower values by the 
use of more insulation. For example, | ft. of insula- 
tion would reduce the required heat generation to about 
20 watts/sq. m. 


Magnetic Fields 


The Geomagnetic Field in Space 


The Earth’s magnetic field in space is much like that 
due to a short magnet at the Earth’s center, the magnet 
being so directed that its north pole will be nearest the 
general direction of the geographic south pole. The 
central axis of this magnet intersects the Earth’s surface 
at the point 78.5° North and 291.0° East, called the 
geomagnetic north pole. The magnetic moment of 
this magnet, taken as a very short magnet, or dipole, 
was 8.06 X 10” egs units in 1922,° and has been de- 
creasing slowly with time. 

At points beyond the atmosphere at a distance 7 from 
the Earth’s center, the magnetic field falls off rather 
nearly as the cube of the distance, or in terms of a sur- 
face value of about 0.5 gauss to 0.5 (a/r)*® where a is the 
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Earth’s radius. The electric currents flowing in the at- 
mosphere, believed mostly transients, will add to the 
main magnetic field. The main field includes also 
some higher order terms required in precise calculations 
of the field in space. 

As mentioned below, magnetic fields may also arise 
from a ring current in the Earth’s equatorial plane at a 
distance of a few Earth radii, and there are also other 
fields which may extend to considerable distances from 
the Earth. 


Solar Magnetic Fields 


The surface magnetic field of the Sun is not much 
larger than that of the earth, except within sunspots, 
The field may vary somewhat with time and, pending 
completion of measurements by astronomers, a mag- 
netic moment of the Sun is difficult to assign. In the 
case of sunspots, there are usually local north and south 
magnetic poles in the sunspot groups. Magnetic mo- 
ments may be as great as or greater than values 1(/ 
times that of the whole Earth when spot diameters 
reach 50,000-60,000 km., with magnetic fields of the 
order of 5,000 gauss. 

Such sunspot fields could therefore be expected to ex- 
tend well beyond Mercury and almost to the planet 
Venus with fairly readily measurable intensity, if it 
were not for the fact that the solar corona is likely to be 
a very good electrical conductor throughout a vast re- 
gion; as a consequence, electromagnetic induction will 
nullify systematic features of the changing sunspot 
fields, except at points close to the Sun. However, it 
will be expected that portions of the actual magnetic 
fields of sunspots will be carried by material within 
moving prominences or the streaming corona, to the 
neighborhood of the Moon and Earth with measurable 
intensity of magnetic field. Hence the sunspot fields 
are expected to exist in fragmentary and badly organ- 
ized form, within the solar system. 


Magnetic Fields in Space 


Simpson!’ and others have discussed the possibility 
that blobs of solar ionized gas carrying magnetic fields 
at times fill a good deal of the space—perhaps as far out 
as Jupiter. 

The linear cross sections of such blobs is of course 
unknown, but they probably extend over a considerable 
range, from a few hundred kilometers across to many 
thousands of km. A satellite measuring magnetic 
fields on the way to the Moon might therefore expect 
to encounter the magnetic fields of such clouds. Since 
the clouds and the satellite may each be moving with 
velocities of the same order, magnetic pulses of duration 
somewhat less than a second to several seconds should 
result. The blobs may carry fields in excess of a galac- 
tic field of about 10~* gauss, and probably needs to ap- 
proach or exceed about 10~‘ gauss to exist under the 
variegated environment of the solar and _ terrestrial 
fields. Ona lunar flight, magnetic signals of order 10~* 


gauss and duration of a second or so may therefore be 
encountered. 
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Fic. 7. Real kinetic temperature and molecular weight as func- 
tions of height, according to the ARDC Model Atmosphere (1956). 


The Exosphere 


The exosphere refers to the part of the atmosphere 
where molecules and atoms can move in ballistic orbits, 
traveling for many kilometers between collisions. This 
part of the atmosphere probably starts at around 300 
km, or 200 miles, and extends on out for an indefinite 
distance. Prior to the Sputniks and satellites, the 
only direct information on the density in this part of 
the atmosphere came from a very lunited number of 
rockets, the highest observation of density being at 
about 220 km. However, there were certain theoreti- 
cal calculations which could be made for higher alti- 
tudes, and these indicated that the temperature in the 
exosphere must be very high, in the order of 1,500° to 
2000°K. 

A recent, widely-publicized calculation of the density 
distribution in the upper atmosphere has been made by 
the Air Force Cambridge Research Center, based on the 
recommendations of The Working Group on Exten- 
sions to the Standard Atmosphere. The Air Force cal- 
culations required as inputs from this Working Group 
assumptions regarding the distribution of temperature 
and molecular weight as a function of height. These 
assumptions are shown in Fig. 7. It will be noted that 
the temperature increases throughout the upper part 
of the curve, from 200 km. on, and that the molecular 
weight decreases continuously. The reason for the 
discontinuities in the curve of molecular weight vs. 
height lies in the somewhat artificial assumptions made 
with regard to the way in which oxygen and nitrogen 
dissociate in the atmosphere. These discontinuities in 
the curve are obviously not real. 

Given this temperature and molecular weight dis- 
tribution, it is possible to calculate the pressure and 
density in the upper atmosphere as a function of height, 
and the results of this calculation are shown in Fig. 8. 
This is referred to as the ARDC Model Atmosphere 
1956. 

As was mentioned, these estimates of temperature, 
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molecular weight, pressure, density, etc., were necessar- 
ily based on theoretical deductions which were admit- 
tedly somewhat uncertain. With the advent of the 
Sputnik satellites it was possible to obtain a more di- 
rect estimate of the density in the region of between 200 
and 300 km., since the rate at which the period of these 
satellites changed was directly proportional to the den- 
sity at the altitude of perigee. It turns out that the 
ARDC Model Atmosphere gives densities which are /oo 
low in this altitude range. Various estimates of the 
discrepancy between the ARDC atmosphere and the 
densities based on Sputnik observations range from a 


factor of 3 to a factor of 10 at about 250 km. These 
estimates have been made independently by NRL, 
Smithsonian, RAND, and the Soviet scientists. At the 


present time, there does not seem to be any clear state- 
ment that can be made with regard to density, except to 
advise that it will probably turn out to be somewhat 
higher than previously thought. Except for calculations 
of drags on satellites, however, the ARDC Model At- 
mosphere will probably serve as a good enough approxi- 
mation to the distribution of conditions in the ex- 
osphere, pending better information from future satel- 
lites. * 

It may be of interest to note that a modification of 
the density distribution in the exosphere will also require 
a modification of the temperature distribution, since 
they are obviously interdependent. We are fairly cer- 
tain about the temperatures up to about 150) km., since 
there are a number of good rocket observations which 
extend that far. In order for the density to increase at 
250 to 300 km. by the large factor already noted, the in- 


* Since submission of this article, the following detailed sum- 
maries of recent satellite observations have been made, and give 
improved upper air densities: Kallmann, H. K., A Preliniinary 
Model Atmosphere Based on Rocket and Satellite Data, J]. Geophys. 
Res., 1959 (in press); Schilling, G. F., and Sterne, T. E., Densities 
and Temperatures of the Upper Atmosphere Inferred from Satellite 
Observations, J. Geophys. Res., Vol. 64, pp. 1-4, 1959; and Har- 
ris, I., and Jastrow, R., An Interim atmosphere derived from rocket 
and satellite data, Planet. Space Sci., Vol. 1, pp. 20-26, 1959. 
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Fic. 8. Pressure, density, and mean free path as functions of 
height, according to the ARDC Model Atmosphere (1956). 
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crease of temperature with height would have to be much 
more rapid than that shown in Fig. 7. Thus, tempera- 
tures at 300 km. may turn out to be 1,500° to 2,000°K. 
instead of about 900°K., asin the ARDC model, and will 
continue to increase with height. 

In the course of the IGY satellite series it was pro- 
posed to put a very light inflatable sphere in orbit at a 
high altitude. The purpose of this inflatable sphere was 
specifically to obtain information on the density at very 
high altitudes, since it could be acted upon by drag more 
rapidly than will be a more dense vehicle such as a 
Vanguard, Explorer, or Sputnik satellite. From ob- 
servations of the effects of drag on this inflatable sphere 
we could expect to have greatly improved values for 
the density and pressure. 

When one looks at these curves of temperature, 
density, etc., for the upper atmosphere, it must be re- 
membered that the situation is being greatly oversim- 
plified. It is almost certain that there are very large 
variations in the conditions at these high altitudes from 
day to night and from place to place, probably varia- 
tions by an order of magnitude or more. We do not 
know what these variations are, but we are quite sure 
they exist. For example, it is quite certain that during 
the day the temperature rises rapidly by many hun- 
dreds of degrees and then cools a corresponding amount 
during the night. This results in a bulging upward of 
the exosphere on the daylight side of the Earth, and a 
larger density during the day at any given altitude. It 
is known that these changes take place because one can 
occasionally observe the wind patterns at these alti- 
tudes, and one sees the violent surging back and forth of 
the atmosphere at around 300 km. Thus, one should 
never be too complacent about accepting a single curve 
of density or temperature versus height, since we know 
that the situation is very complex indeed. Further- 
more, this irregularity in the exospheric conditions will 
make it difficult to interpret satellite drag data, since 
the location of perigee will change with time, thereby 
shifting the region where the density is to be deter- 
mined. We are still in the early stages of trying to re- 
solve this problem. 
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Another feature of the exosphere may be of impor- 
tance to space flight—its ionization and conductivity, 
It is well known that the ionosphere contains free elec- 
trons, since these ionized layers have been observed for 
many years by radio techniques. Recently a combina- 
tion of rocket and radio techniques in this country and 
in the Soviet Union have given more detailed informa- 
tion about the electron densities. One such determina- 
tion, by NRL,'* is shown in Fig. 9. On the same graph 
is shown a theoretical electron density curve computed 
by Hilde Kallmann of RAND.'* It will be noted that 
at 300 km., under the conditions described, the electron 
density is 3 X 10° electrons per cm.*. This is about 
the height of the F.-layer, and above this the electron 
density presumably slowly decreases with height. A 
recent measurement of electron density above the F,- 
layer (which is inaccessible by the usual radio tech- 
niques from the ground) has been made by the Soviet 
scientists, © who fired a rocket on February 21, 1958, to 
an altitude of 473 km., and determined that at that al- 
titude the electron density was about 10® electrons per 
cm.*, even more than in the F2-region over White Sands, 
The implication is that the electron density distribu- 
tion certainly does not fall off rapidly with altitude 
above the F,-region, and this is further borne out by 
theory and by the interpretation, by Storey, of a radio 
phenomenon known as ‘‘whistlers,’’ which give us an 
additional hint about the ionization in the exosphere." 
The indications are that at about 500 km. and above 
from 10 to nearly 100 per cent of the particles are 
ionized. 

These free electrons observed by radio and rocket- 
radio experiments are mostly ‘‘thermal electrons,”’ that 
is, electrons which bounce about in a sort of equi- 
librium with the surrounding atmosphere. The ex- 
osphere is also populated by a relatively small number of 
very rapidly moving electrons, with many kilovolts of 
energy, which are trapped in the Earth’s magnetic field 
and oscillate rapidly back and forth between the north- 
ern and southern hemispheres. It is these electrons, 
plus energetic protons, which are in large part the cause 
of the aurorae at high latitudes, and which are also the 
particles detected by the satellites and space probes, 
referred to earlier in this paper. However, it must be 
emphasized that these fast electrons account for but an 
infinitesimal part of the total free electron population 
in the exosphere (in the order of one fast electron in 10" 
thermal electrons). 

At higher levels of the exosphere, lighter gases, such 
as hydrogen and helium, provide an increasingly im- 
portant contribution to the density and composition. 
Furthermore, the proportion of ionized particles to 
neutral atoms will progressively increase at greater dis- 
tances from the Earth, because there will be few colli- 
sions between the positive ions and negative electrons; 
the probability for neutralization of the electric charges 
by recombination will be very small. At extremely 
high levels, or beyond the atmosphere in interplanetary 
space, protons and electrons will therefore dominate, 
together with some neutral hydrogen atoms." Traces 
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Fic. 10. Cosmic rays. 


of other gases and atomic fragments will also exist here 
in the outer part of the solar corona. The particles 
within the solar corona will seldom hit one another, and 
on an average will travel half-way to the Sun before hit- 
ting anything. The particle density at the base of the 
exosphere can be taken as 3 X 10? cm.*( see reference 
18). Indirect data on the solar corona and zodiacal 
light suggest that the region between the Earth and 
Moon has a particle density of the order of 10° cm.~*. 
The terrestrial exosphere may have a temperature of 
1,000°C. to 2,500°C., say 2,000°C., and may be warmed 
in polar regions because hot coronal ionized gases can 
enter there more freely than across the equatorial mag- 
netic field. This may provide greater polar drag on 
satellites than does the equatorial atmosphere. The 
temperature of the solar corona near the Sun will be 
about 1,000,000°C. It can be shown from theoretical 
calculations that this temperature should fall off as 
about the 2/7 power of the distance from the Sun ex- 
pressed in terms of the solar radius Rk taken as unity. 
The temperature near the Earth and Moon is then about 
220,000°C. This is so high that the energy of hydro- 
gen atoms exceeds that needed to split the atoms into 
protons and electrons; consequently, scarcely any neu- 
tral hydrogen atoms will exist in the corona. 
The relative heating effect of the hot solar corona on 
space vehicles will be negligible for a lunar flight. The 
heat flux from the solar corona per square cm. of area 
will be kinetic energy of motion, but the hot particles, 
though very energetic, are too few in number to heat up 
a metal surface very much. The number of protons and 
hydrogen atoms should be of the order of 10° to 10* per 
ce., so that the energy flux at 220,000° C. is only 1077 
the maximum solar radiation flux of about 1.98 cal/(sq. 
cm.)(min.).* 
Hydromagnetic waves emitted by the solar atmos- 
phere may occur as sound waves, traveling with very 
high velocities. The velocity of sound in the solar co- 
rona near the Earth and Moon is about 55 km. /sec., 


* NOTE ADDED IN PROOF: It is understood that improved esti- 
mates by Chapman provide temperatures of order 100,000° C. 
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which is that appropriate to the proton-electron gas, but 
no ordinary mechanism for transmitting sound will be 
operative. Since the mean orbital velocity of the Earth 
is only 30 km./sec., its motion and that of the Moon will 
be subsonic. In fact, even the planet Mercury, with 
an orbital velocity of 48 km./sec., will have a Mach ra- 
tio of about 0.6 and that for all other planets is less. 
There will also be no cap of compressed gas formed in 
front of the advancing planets. This is because each 
proton and electron in the coronal gas on an average 
travels farther than the diameter of a planet between 
collisions.'' Thus the planets may be considered as 
bodies moving in rarefied gaseous medium—essentially 
in a free-molecule flow since the mean free path is of the 
same order as the body size. 


Cosmic Rays 


Cosmic rays!® are noted in the upper atmosphere as 
atomic fragments traveling with a velocity very nearly 
that of light. They thus have great penetrating power, 
and may react to form numerous secondary particles 
on colliding with atoms in the lower ionosphere. They 
may be indistinguishable from the incoming primary 
particles at ground level. 

Primary cosmic rays are very energetic. Those of 
about 18 billion electron volts (Bev) energy can pene- 
trate the geomagnetic field to ground level at the Earth's 
equator, and about 3 Bev of energy are required to pene- 
trate the atmosphere itself (see Fig. 10). The energies 
are greater therefore than those available from the 
man-made Brookhaven cosmotron. The geomagnetic 
field does not retard cosmic rays entering along the 
field near the geomagnetic pole, where enormous quan- 
tities of particles of moderate energies may enter, al- 
though these do not provide hazards to manned flight. 

Information, at present incomplete, suggests that in 
addition to protons, about 15 per cent of the primary 
cosmic rays consist of a-particles, and that | or 2 per 
cent consist of heavier nuclei, but those of Li, Be, and B 
are not found for some reason. Less than | per cent are 
primary electrons and less than 1/10 per cent are gamma 
rays. The preliminary data for the satellites suggests a 
flux of order one particle per cm.” per sec. per steradian 
at distances beyond the geomagnetic field. 

The origin of cosmic rays has not yet been definitely 
determined. One simple mechanism that has been sug- 
gested is that sunspots or other fields in space may ac- 
celerate particles to high energies during a period of 
growth or decay of a magnetic field. For instance, at 
the edge of a sunspot a suitable formula derived by 
Swann” gives an electric field along the circular periph- 
ery to be E = —RAH/At, where A// is the growth in 
field in time Af, and & the radius of the spot. Clearly, if 
R is very large, as it might be in sunspots of large stars, 
or in areas within the gases of colliding galaxies, the 
driving force E might be so large that it could accelerate 
particles to high energies. Unfortunately, this mecha- 
nism does not seem adequate for the part of cosmic 
rays of solar origin, but there is some reason for believ- 
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ing that some analogous mechanism may operate as a 
cause of cosmic rays originating in outer regions of 
space. 

Solar particles moving with a velocity of about 1/3 
that of light have been noted to leave the Sun in areas of 
solar flares. Methods of radio astronomy”! have been 
used in these studies. During solar flares on about six 
occasions since the early 1940's, marked increases in 
cosmic rays have occurred over a period of hours to al- 
most a day. On February 23, 1956, an increase at the 
ground of 90 per cent or so appeared in high latitudes of 
the Earth, and for the first time it was noted that the 
cosmic rays increased by a few per cent at the equator. 
This means the particles had an energy in excess of 18 
billion electron volts (Bev). Effects persisted over a 
period of 16 hours or more in cosmic rays, and for several 
days high absorption of radio waves ensued. On the 
dark side of the Earth, unexposed to solar ultraviolet 
light or X-rays, vertical soundings of the ionosphere 
using radio waves revealed an excess of electrons, prob- 
ably caused by particles of high energy, such as various 
secondaries, high-speed protons, and electrons. These 
probably ranged widely in energy. The orbits of such 
particles may be dominated by the geomagnetic field, 
so that they keep circling the Earth from west to east 
(or east to west), with some spiraling motion between 
the northern hemisphere and southern hemisphere. In 
this way they can possibly move in trapped orbits in 
the geomagnetic field, from which they would be able to 
escape only by collisions with other particles, or by en- 
tering localized field irregularities which can redirect 
their motion outward far beyond the atmosphere. The 
potential radiation hazard, like that of February 23, 
1956, apparently does not occur very often, because this 
and some other large increases during flares have only 
appeared about once every three years.**~*4 But the 
flux at such times at the top of the atmosphere rises by 
several orders of magnitude above normal when ener- 
gies somewhat less than 3 Bev are included. 

Seme ideas and results on corpuscular radiation as 
an aspect of solar radiation will next be discussed. 
The wave radiation is usually taken as that appropri- 
ate to a black body at 6,000°C., or in the case of X-rays 
to a temperature of 1,000,000°C., high in the solar at- 
mosphere. 

According to the Chapman-Ferraro theory of mag- 
netic storms, corpuscular streams of electrons and 
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protons are emitted from active regions on the Sun 
and proceed Earthward to cause magnetic storms and 
aurorae.” These particles, according to this theory and 
to several others related to it, travel to the Earth in 
about a day, so that the velocity may be about 1(8 
cm./sec. The number density decreases rapidly with 
the distance from the Sun, but a few Earth-radii away 
from the Earth the ion density is supposed to be about 
100 particles/cm.’*. 

On entering the atmosphere the particles are supposed 
to be guided by the magnetic field so as to cause auro- 
rae and polar magnetic storms, while a part remains as 
an equatorial ring current encircling the Earth at a dis- 
tance of a few Earth-radii, the so-called St6rmer current 
ring (see Fig. 11). 

Due to thermal velocities, and divergence of solar 
streams, the number density of protons near the Earth 
will be much less than that initially developed in the so- 
lar atmosphere. Thus, as each solar particle moves 
radially outward from the Sun the initial area of cross 
section of the stream will be increased by about 216? or 
about 47,000 times, since the Earth’s distance is about 
216 solar diameters. Thus an initial density of 108 
would be reduced to about 2 & 10*/ec. If the stream 
were a blob of spherical section a similar reduction 
would be expected. But if the blob carried with it a 
magnetic field, and were composed of an almost com- 
pletely ionized gas, as seems certain, the limited mo- 
bility of the protons and electrons across the field may 
greatly limit the expansion of the blob with distance 
from the sun. Ina blob of sufficient cross section the 
time constant for decay may be many hours, so that 
the initial solar densities need not be reduced by many 
orders of magnitude on reaching the Earth. Such 
blobs can penetrate the geomagnetic field to a depth 
which might, very roughly, be that given by equating 
the kinetic energy of the blob per unit volume to that 
of the geomagnetic field. Thus if the velocity v = 10° 
em./sec., which may ordinarily be a little high but not 
unreasonable, and the mass per unit volume is m, then 
mv? = [*/4m where // is the geomagnetic field. If the 
number density V = 10‘, and protons and electrons in 
equal numbers are the main constituent, and the inter- 
action of the geomagnetic field with the field of the cloud 
be neglected, mv? = 104 X 1.67 XK 107-74 & 108 = 1.67 
X 10-* ergs, or HT = 0.46 gauss. The cloud of gas 
would then be stopped due to collisions with particles 
in the Earth’s upper atmosphere. However, it is not 
certain that the blob’s magnetic field will suffice to 
preserve the blob as an entity sufficiently long even for 
the very short time required. Also to be taken into 
account is the retarding influence on the blob due to 
electric currents induced within it as it progresses down- 
ward into the geomagnetic field. Some of the electrons 

will of course be trapped in Stérmer orbits in the geo- 
magnetic field, where they may have already been 
noted by Van Allen® in recent satellite measurements 
in Explorer I and III. Such particles stopped at suit- 


able levels may of course move into the polar regions to 
produce aurorae and associated magnetic disturbances 
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noted there. A connection between particles noted by 
satellite and those causing aurorae has in fact been sug- 
gested by Van Allen. The radiation noted was of or- 
der 0.3 7 in 5 hours or less as compared with the recom- 
mended permissible dose for human beings of 0.3 
r/week, and later values rising to 10 r/hr. and more 
have been noted, as was mentioned previously above. 


Meteoroids 


The presence of meteoroids in interplanetary space 
are of interest to the designer of space vehicles because 
of the possibly disastrous effects of an encounter with 
such bodies. Meteoroids are solid bodies of various 
sizes moving in elliptical orbits about the Sun. Our 
previous experience with such bodies has been primarily 
confined to observing the effects occurring when they 
collide with the Earth and its atmosphere. Small bodies 
produce the familiar frequent luminous phenomena, 
known as meteors, observable in the night sky. Such 
small bodies suffer very appreciable mass loss by abla- 
tion during atmospheric interaction and drift down to 
the surface of the Earth as dust. Larger bodies, less 
frequent, produce spectacular ‘‘fireballs’’ and reach the 
surface of the Earth as meteorites. Very large bodies, 
very infrequent, reach the Earth with appreciable ve- 
locity and produce large craters—such as the one in Ari- 
zona which is about a mile in diameter and 600 ft. deep. 

Our information about the size and number of me- 
teoroids roaming in the solar system comes from visual, 
telescopic, and radio observation of the luminous and 
electrical phenomena produced by their interaction 
with the atmosphere (meteors) and by examination of 
the bodies reaching the ground (meteorites). Unfor- 
tunately, this does not tell us the original size, shape, 
frequency, structure, or velocity of the bodies before 
interaction with the atmosphere. These characteristics 
must be deduced by relatively indirect methods from 
the available observations. Consequently, various es- 
timates of the size, mass, and frequency of meteoroids 
in space differ from each other by several orders of mag- 
nitude. 

Meteoroids are essentially the debris of the solar sys- 
tem resulting from the breakup of comets and small 
planets. Their orbits are generally highly eccentric 
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ellipses around the sun as shown schematically in Fig. 
12. Most are on apparently random orbits and are 
known as sporadic. Others are distributed in well- 
defined orbits and produce the familiar meteor showers 
occurring annually when the Earth passes through their 
path. The relative velocity between the Earth and a 
meteoroid depends on the relative directions and veloc- 
ities of the two bodies. The Earth moves in its orbit 
about the sun at a velocity of about 29.8 km. /sec. 
while meteoroids on highly eccentric orbits can have 
velocities as high as 42.1 km./sec. Depending on 
whether there is a head-on collision or the meteor catches 
up with the Earth from the rear, the relative velocity 
can range between the sum of these numbers down to 
the Earth’s escape velocity—i.e., from about 72 to 11 
km./sec. This is illustrated qualitatively in Fig. 13 
(which does not show the effects of the Earth’s gravita- 
tional attraction). 

It has been determined recently that meteors do not 
approach the Earth from a random direction, but rather 
that they, like other parts of the solar system, are con- 
centrated in the ecliptic plane—.e., the plane of the 
Earth’s orbit. The distribution around the ecliptic 
plane, as determined by Prentice and reported by Lov- 
ell® is shown in Fig. 14. The concentration of still 
smaller particles in the ecliptic plane is known from zo- 
diacal light observations. This concentration of me- 
teoric material in the ecliptic plane implies that inter- 
planetary trips should involve paths above or below 
that plane so as to minimize meteoroid encounters. 

Because of the motion of the Earth, most meteoroid 
encounters occur on its front face. As is commonly 
known, more meteors may be observed after midnight 
than before midnight—i.e., when one is riding on the for- 
ward face of the Earth. The distribution of meteors in 
relative numbers is shown in Fig. 15, which is adapted 
from Lovell.” However, the direction of most meteors 
is found to be from behind the Earth—i.e., most of 
them are in direct, rather than retrograde, motion 
around the Sun. The distribution of direction, also 
adapted from Lovell,” is shown in Fig. 16. Since most 
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meteoroids thus apparently move around the Sun in the 
same direction as the Earth and other planets, to mini- 
mize high-velocity collisions, an interplanetary vehicle 
should also follow a direct, rather than a retrograde, or- 
bit. This, of course, is desirable for reasons of fuel 
economy also. 

The possibility of meteoroid collision with a space 
vehicle must currently be deduced from the observed fre- 
quency of meteor phenomena in the atmosphere. The 
daily frequency of sporadic meteors is shown in Fig. 17 
as a function of the visual magnitude scale. This fre- 
quency may be as much as 1() times greater during a 
meteor shower. The magnitude scale is the customary 
astronomical scale in which each step in the magnitude 
scale denotes a change in luminous intensity by a factor 
of about 2.5. Brighter objects have negative magni- 
tudes (Sun about —25, Moon about —12) and an in- 
creasing positive magnitude denotes decreasing inten- 
sity. Algebraically, 


I~ 10-84% (5) 


A magnitude of about +5 is about the limit detectable 
with the naked eye. The upper line in Fig. 17 corre- 
sponds to the early estimate of Millman*® based on visual 
observations and the recent estimate of Whipple” 
based on photographic observations. The lower line 
corresponds to the estimate of Watson* based on visual 
and telescopic observations and the estimate of Mc- 
Kinley** based on radio observations. These two lines 
represent, approximately, the limits of other recent esti- 
mates. It is interesting to note that, approximately, 
the number per unit magnitude vary as 


N ~ 109-40 (6) 
With the definition of magnitude, Eq. (5), this gives 
Nw~Il/I (7) 


That is, the number of meteors varies inversely with 
their luminous intensity. 

While the frequency and magnitude are directly 
observable quantities, the deduction of the mass and 
size of the meteoroid from these and other observational 
data requires a knowledge of the physics involved in the 
meteoric interaction with the atmosphere. A number 
of investigators*—** have expressed the intensity in the 
form 


I~mu" (8) 


Now, while there is general agreement that the intensity 
varies directly with the initial meteoroid mass, the as- 
sumed velocity exponent, 7, ranges from less than unity 
up to almost seven. The deduction of meteoroid mass 
is, therefore, very uncertain. The degree of uncer- 
tainty is illustrated in Fig 18 where the estimates of 
Whipple” and Watson*®® are shown. These lines en- 
compass approximately the estimates of other investi- 
gators. Not shown in Fig. 18 is the uncertain effect of 
velocity; however, part of the discrepancy shown cor- 
responds to the choice of velocity and velocity expo- 
nent. The effects of velocity and of the effects of in- 
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tensity-time variations have been discussed in detail by 
Kallmann.** * Watson* uses” = 2.5and u = 72 km./ 
sec. while Whipple” uses nm = 1 and u = 28 km./sec. 
In any case, the direct proportionality between inten- 
sity and mass, Eq. (8), combined with Eq. (7) gives 


N~ 1/m (9) 


i.e., the frequency varies inversely with mass. This 
means that total mass in a magnitude (Vm) is constant. 
Fig. 19 shows the resulting range of estimates—varying 
from 2 X 104 to 5 & 10% g/(mag.)(day). This corre- 
sponds to a daily total mass of from 1 to 2,500 tons/day. 

Of primary interest to the space vehicle designer is 
the frequency and mass of meteoroid particles. This 
may be obtained by combination of Figs. 17 and 18. 
The resulting range of estimates, shown in Fig. 20, is 
impressively wide; the upper limit is about 3,000 times 
greater than the lower limit! It is clear, therefore, that 
any estimate of meteoroid impact and penetration of 
the skin of a satellite or space vehick can be only very 
crude. 

From these estimates of the mass and frequency it is 
possible to estimate the concentration of meteoric ma- 
terial in the vicinity of the Earth’sorbit. Considering the 
uncertainty in the estimates of both mass and frequency 
of meteoric encounters, a crude evaluation will suffice. 
This can be obtained by considering the effective volume 
of space swept out by the Earth in its daily motion. 
This amounts to about 6 X 10'! cu. km. Summation 
of the frequency and mass encountered over the range 
of magnitudes results in a mass density of 10~*' to 
10-24 g/cc. This may be compared with the estimated 
density of matter in interstellar space, 10~*4 to 10~* 
g/cc. 

The use of these estimates of mass and frequency of 
encounter with the Earth’s atmosphere to predict en- 
counters with space vehicles can be done crudely by 
simply scaling by the ratio of the surface areas of the 
Earth's atmosphere and the vehicle’s surface. For ex- 
ample, a 1-meter diameter sphere would encounter 
fewer meteoroids by approximately a factor of 1.64 X 
10", the ratio of the surface area of the Earth’s at- 
mosphere to the surface area of the sphere. A vehicle 
close to the Earth, such as a satellite, would be sheltered 
somewhat by the Earth from meteoroid collision. On 
the other hand, the gravitational attraction of the 
Earth would tend to increase the meteoroid concentra- 
tion in its vicinity. However, the effects of these fac- 
tors are probably small compared to other uncertain- 
ties. 


The depth of penetration, or depth of surface mass 
loss by meteoroid impact, is a somewhat speculative 
calculation since the relative velocities are consider- 
ably above the laboratory level. A variety of theories 
for high-velocity impact and penetration, while agree- 
ing with the available data up to about 10,000 ft sec., 
deviate appreciably at meteor velocities.“ Because of 
the present uncertainty in meteoroid number and mass, 
uncertainties in penetration dynamics are not presently 
serious. However, satellite data will presumably give 
better information in the near future on meteoroid hit 
probabilities; thus, a better understanding of penetra- 
tion dynamics will soon be necessary. 

At present it seems reasonable to adapt a relatively 
simple penetration model and to use the available ex- 
perimental data for evaluation of proportionality con- 
stants. One of the more reasonable types of high-speed 
impact theory® visualizes the kinetic energy of the par- 
ticle being used to melt, vaporize, or displace a certain 
volume of target material. This results in the propor- 
tionality 


Crater Volume ~ Particle Kinetic Energy 
or 
Crater Depth ~ (Particle Kinetic Energy) '/* 


The experimental high-speed impact data of Van Val- 
kenburg” and of Huth, et al.,** as well as the shell- 
crater data collected by Baldwin,** yield a proportion- 
ality constant 
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This relation, together with the mass and frequency es- 
timates, allows one to calculate the penetration fre- 
quency for a vehicle’s skin. The result is shown in Fig. 
21 for a sphere of 1 meter diameter.* Here again the 
relative uncertainty of mass and frequency estimates is 
evident. These results indicate that a 1 mm. skin will 
be punctured sometime between 10 hours and 220 days, 
and that a 1 cm. skin would suffer puncture sometime 
between | year and 550 years. Grimminger’s 1948 esti- 
mates” lie somewhat below the band shown in Fig. 21. 
Whipple's recent estimate” lies about in the middle of 
the band. Recent results from the Explorer I satel- 
lite‘! are relatively meager and generally confirm quali- 
tatively the estimates presented here. However, in- 
terpretation of the experimental results are subject to 
the same uncertainties in mass and penetration as are 
the estimates described above. 

The encounter with smaller particles—i.e., too small 
to penetrate—would be more frequent, of course. Thus 
one might expect a ‘“‘sandblasting’’ of the surface be- 
fore penetration occurs. Whipple” has estimated that 
this surface erosion by small meteoroid particles would 
be comparable to that produced by solar corpuscular 
radiation and by interaction with the gases of the solar 
corona. He estimates that the erosion due to these 
three effects would destroy the optical properties of a 
surface after about | year. 
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Photothermoelastic Investigation of Transient 
Thermal Stresses in a Multiweb Wing 
Structure’ 


GEORGE GERARD* ann HERBERT TRAMPOSCH** 
New York Unwersity 


Summary 


Photothermoelastic experiments were performed on a long mul- 
tiweb wing model for which a theoretical analysis is available in 
the literature. The experimental procedures utilized to simulate 
the conditions prescribed in the theory are fully described. 

Correlation of theory and experiment in terms of dimensionless 
temperature, stress, time, and Biot Number revealed that the 
theory predicted values higher than the experimentally observed 
maximum thermal stresses at the center of the web. Detailed 
temperature measurements in the flange suggested that the major 
source of this discrepancy can be traced to the one-dimensional 
heat conduction analysis of the flange employed in the theory. 


Symbols 


(See Fig. 1 for geometric parameters of multiweb beam. ) 
B = Biot Number, B = ht,/k 
c = specific heat, B.t.u./Ib.-°F. 
= diffusivity, D = k/pc, in.?/hr. 
E = modulus of elasticity, psi 
f = material fringe constant, psi-in./fringe 


h = heat-transfer coefficient, B.t.u./hr.-ft.2-°F. 
k = thermal conductivity, B.t-u./hr.-ft.2-°F. /in. 
n = fringe order 
t, = web thickness, in. 
t, = cover flange thickness, in. 
T = temperature, °F. 
T = dimensionless temperature, T = (T — 7;)/(Taw — Ti) 
Taw = adiabatic wall temperature, °F. 
T; = initial temperature, °F. 
@ = thermal expansion coefficient, micro. in./in.-°F. 
6 = Fourier Number, @ = Dr/t,? 
p = density, pci 
o = stress, psi 
= dimensionless stress, ¢ = — T;) 


| 


time, hr. 


Introduction 


| IS WELL RECOGNIZED that the thermal environment 
associated with advanced aircraft may result in 
significant thermal stresses of a transient or steady- 
state nature. Although it is frequently possible to 
employ structural configurations which minimize ther- 
mal stresses, a basic understanding of thermal stress 
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processes is of importance for many cases in which 
design approaches cannot be fully utilized. 

In general, the more complex part of any thermal 
stress problem is concerned with the heat-transfer 
aspects. Due to the difficulties involved in treating 
radiation, conduction, and convection simultaneously, 
radiation and convection are often neglected in the 
available thermal stress literature. In addition, the 
conduction aspects are frequently treated as a one- 
dimensional problem. 

Because of the simplifying assumptions introduced 
in the theory, it is of importance to verify the results 
of the analysis by suitable experiments. Since elec- 
trical resistance strain gages under variable temperature 
conditions often lose the simplicity characteristic of 
their room temperature operation, other methods for 
quantitative measurements of thermal stresses are of 
considerable interest. 

The photothermoelastic technique has been devel- 
oped as a new experimental approach to thermal stress 
problems. This technique extends the conventional 
photoelastic method of experimental stress analysis 
to the measurement and visualization of complete 
thermal stress fields arising from transient or steady- 
state temperature gradients. Since photoelastically 
sensitive plastics generally creep when exposed to 
elevated temperatures, temperature gradients are 
established by refrigeration. 

Considerable progress has been achieved in applying 
the photothermoelastic technique to structures of 
relatively complex configuration since the exploratory 
study of reference 1 and the photothermoelastic ma- 
terial property investigation of reference 2. The 
early investigations were concerned with establishing 
the quantitative value of photothermoelasticity by 
tests on simple geometrical models proceeding from 
measured temperature distributions. These results 
established that, with relatively simple techniques, 
accuracies well within +10 per cent are readily 
attainable. It is estimated that with precise tech- 
niques, accuracies within +2 per cent can be achieved. 

In reference 3, experiments on cemented I-beams 
and idealized multicell box structures indicated that 
transient thermal stress theories can be completely 
evaluated by photothermoelasticity, if certain dimen- 
sionless parameters can be reproduced experimentally. 
Successful simulation of initial conditions, Biot Num- 
bers, and Fourier Numbers were achieved, and it 
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Cross section of the scale model of a wing structure. 
Part of the convective baffles are shown. 
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was found that thermal stresses predicted by the avail- 
able theories were always higher than experimental 
results. The source of discrepancy was traced to 
simplifying assumptions in the theories which treated 
the flange as a one-dimensional conduction medium. 

The investigation reported herein is concerned with 
the correlation between theory and photothermoelastic 
tests on a representative multiweb wing structure. 
The model was constructed according to the configura- 
tion analyzed by Griffith and Miltonberger.* 

This theory considers the transient thermal stresses 
produced in a wing structure by aerodynamic heating 
as a result of a sudden velocity change. The analysis 
included the effect of the joint conductivity between 
skin and web, and was performed with the aid of an 
electronic differential analyzer. The results were 
plotted in dimensionless form as functions of three 
parameters involving the geometry, the heat-transfer 
coefficient on the two outside surfaces, and the joint 
conductivity. 

The correlation between theory and photothermo- 
elastic results presented herein is important in two 
respects. It provides a test of the validity of the 
theory, and, at the same time, marks the emergence of 
photothermoelasticity as a quantitative tool for en- 
gineering use. 


Experimental Procedure 
Model Configuration 


The configuration and dimensions of the model 
tested in this study are shown in Fig. 1. The details 
of the model conform to those analyzed in reference 4. 
The length of the model was chosen to insure that there 
was no influence of end effects at the vertical center 
region, and thus the model could be considered to be 
infinitely long in a theoretical sense. 

The model was cemented together from epoxy 
resin material machined to the proper shapes from 
1/4 in. thick plates and 1 in. diameter rods. Details 
of the cementing technique are presented in reference 
3. Photographs of the model in several assembly 
stages are shown in Fig. 2. 


Temperature Measurements 


Temperatures in the model were sensed by seven 
thermocouples installed in the locations shown in Fig. 
1. Thermocouples 1-4 were arranged to measure the 
temperature distribution in the flange-web conductive 
path while thermocouples 5-7 measured the distri- 
bution through the flange. The seven thermocouples 
were located in one half of the center cell only since 
past experience indicated symmetrical temperature 
distributions in the model when thermally loaded on 
both top and bottom surfaces. 

The thermocouples were constructed from 0.005 
in. diameter copper and constantan duplex wire by 
carbon arc welding. They were installed in the 
model using the same epoxy cement used to fabricate 
the model itself. 

Temperature recording at a selected time was 
achieved by use of a high-speed switching unit con- 
nected to the vertical deflection circuit of a high gain 
cathode-ray oscilloscope. In the horizontal direction, 
the electron beam was moved by means of a conven- 
tional voltage divider network. The two circuits were 
synchronized resulting in a series of points on the 
oscilloscope screen which was photographed. A com- 
plete description of the temperature recording scheme 
is presented in reference 5. 

By following well-established compensation and 
calibration techniques, the overall accuracy of the 
temperature measurements was estimated to be within 
+3°F. of the true value. 


Fringe Order Observations 


In photothermoelasticity, thermal stresses are ob- 
tained directly from the observed fringe orders using 
an optical calibration constant for the material. The 
thermal strains are automatically corrected for since 
an isotropic field does not produce any fringes. 
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Model in several assembly stages. 
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Fic. 3. Fringe pattern observation arrangement—schematic. 
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In this investigation, only the maximum thermal 
stresses which occur at the center of the web are of 
interest. Consequently, this was the only area ob- 
served. In cases where the stress distribution in the 
web is of interest, techniques discussed in reference 3 
may be employed. 

secause of the small thickness of the web, a doubling 
polariscope arrangement was utilized, as shown in 
Fig. 3. Furthermore, a white light source was used 
to improve the accuracy since the relatively small 
temperature gradient in the web resulted in a very 
wide fringe at the center. The fringe order was ob- 
served simultaneously with the temperature record- 
ing. The accuracy of the fringe order observation 
was estimated to be within +3.5 per cent. 


Thermal Loading 


The theory of reference + is based upon a step func- 
tion thermal input. This initial condition was simu- 
lated experimentally by applying simultaneously large, 
flat, dry-ice slabs to the top and bottom model sur- 
faces. The thermal conditions associated with the 
use of dry-ice produce the required step function 
change in temperature and at the same time result 
in a constant adiabatic wall temperature of —110°F. 

The heat-transfer coefficient, however, decreases 
somewhat with time, as discussed in reference 3. By 
focusing attention on the time range during which 
the web thermal stress reaches a maximum, the vari- 
able heat-transfer coefficient can be represented by an 
average value without introducing a significant error. 
The heat-transfer coefficient is used only in determin- 
ing Biot Numbers, which influences the correlation be- 
tween theory and experiment in a very minor way. 

The theory of reference 4 neglects convective heat 
transfer within the wing structure. In using a plastic 
model, the time scale for the conductive heat-transfer 
process is greatly expanded, as compared to a geo- 
metrically similar metallic model, because of the low 
relative diffusivity of plastics. Consequently, whereas 
convective heat transfer may be relatively unimportant 
for a metal model, its influence may become significant 
during the much longer times involved in the conductive 
heat-transfer process for the plastic model. 

In order to simulate the conditions of the theory, 
convective baffles were used in the model which effec- 
tively reduced the convective heat transfer to zero. 
The design of the baffles, shown in Fig. 1, prevented 
convective currents from circulating from the flange 
to the web. Low thermal capacity and high thermal 
resistance were achieved by using cotton filled hollow 
baffles which subdivided the cell cross section into a 
series of small cells. 


Correlation of Theoretical and Experimental 
Data 
Experimental Results 


By utilizing the procedures discussed, two experi- 
The first utilized the convec- 


ments were conducted. 
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tive baffle to simulate the conditions of the theory of 
reference 4 as closely as possible. In the second test, 
the convective baffles were removed in order to pro- 
vide some insight into the reduction in thermal stresses 
afforded by convective heat transfer. 

The results of these tests are shown in Fig. 4 in 
terms of the measured temperature distributions and 
the observed fringe orders. It is apparent that the 
convective currents within the model were quite 
effective in reducing fringe orders, and the necessity 
of baffling was obvious in order to satisfy the condi- 
tions of the theory. Its effect on the temperature 
distributions was included in Fig. 4 only for points 
3 and 4 where it was most pronounced, and was omitted 
elsewhere to avoid crowding the temperature curves. 

In order to reduce these data for comparison with 
theory, the pertinent thermal conditions of the tests 
are given in Table 1. Also shown are the physical 
properties of the epoxy model material. The material 
used to construct the model was from the same 
batch on which the values given in reference 2 were 
obtained. 

The thermal stresses in the web can be computed 
directly from the fringe orders, m, by use of the rela- 
tion 


o = nf/ty (1) 


The values of E and f used correspond to T average 
and are listed in Table 1. For reduction of o to the 
nondimensional form, values of - obtained from the 
bending tests described in reference 2 and listed in 
Table 1 were used. In any case, however, the variation 
in E and f over the temperature range shown in Table 1 
is relatively small. 

TABLE | 
Test Conditions and Physical Property Data 


t, = 0.125 in. 
ty» = 0.063 in. 


T; = 85°F. T h 

Tew = —110°F. 1 min. 8.5 

average = 8 B.t.u./hr.-ft.2-°F. 3 8.0 
5 7.8 


c = 0.30 B.t.u./lb.-°F. 

k = 1.36 B.t.u./hr.-ft.2-°F./in. 
p = 0.0437 pci 

a = 30.1 microin./in.-°F. 


E (ksi) f (psi-in./fringe ) 
85 480 58 
20 500 62 

—60 540 64 
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Correlation of Results 


The evaluation of the theory was relatively straight- 
forward. The theoretically predicted temperature 
and stress distributions, and the test values of Fig. 4 
were plotted as functions of time in nondimensional 
form using the data of Table 1. Fig. 5 shows the 
correlation of the average temperature integrated over 
the model cross section in addition to the local tem- 
peratures at the center of the web and at the flange 
along a line centered between two webs. Fig. 6 shows 
the correlation of the maximum thermal stresses at the 
center of the web. 

Agreement between theory and experiment for T 
end @ was observed only for values of BO less than 1. 
Then, with the exception of the temperature at the 
center of the web, the two results gradually departed 
from each other. It is to be noted in Fig. 6 that as a 
check on the interpretation of thermal stresses from 
fringe patterns, the thermal stresses computed from 
the measured temperatures agreed within the experi- 
mental error with the stresses calculated from the 
observed fringe orders. 

The experiments representing a Biot Number of 
B = 0.75, an infinite joint conductivity, and the 
particular model geometry, indicated that the theoret- 
ical results were approximately 10 per cent higher than 
the maximum thermal stresses observed experimentally. 
Based on results of reference 3, it can be expected that 
the theory will diverge further from experiment if the 
Biot Number is increased. For lower Biot Numbers, 
the difference will be less pronounced, and agreement 
between theory and experiment can be expected. 

The major source of discrepancy between theory 
and experiment can be traced directly to the tempera- 
ture conditions in the flange. In Fig. 5, a definite 
temperature gradient through the thicknesses of the 
flange can be observed. This suggests that at the 
Biot Number of the experiments, and especially at 
higher Biot Numbers, two-dimensional conduction 
analysis of the flange is required in place of the one- 
dimensional analysis currently used. 


Conclusions 


The experiments demonstrated the applicability of 
the photothermoelastic method in evaluating transient 
thermal stress theories of aircraft wing structures. 
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The observed discrepancy between theory and experi- 
ment of 10 per cent led to the following conclusions as 
far as the theory is concerned: 

(a) The results of reference 4 can be applied as long 
as the Biot Number is low. 

(b) When the Biot Number is in the range of 0.75 
and greater, the temperature gradient through the 
flange thickness should be considered for accurate 
results. Under these conditions, a theory incorporat- 
ing a two-dimensional conduction analysis of the flange 
can be expected to lead to a substantial reduction in 
the observed discrepancy between theory and experi- 
ment. 

From an experimental standpoint, the following 
conclusions are significant in the development of 
photothermoelasticity as an engineering tool: 

(c) A theory can be completely evaluated by the 
photothermoelastic technique if certain dimensionless 
parameters are reproduced experimentally. 

(d) Inthe absence of theory, the photothermoelastic 
technique can be used to determine dimensionless ¢ 
values for application to metallic structures of the 
same configuration. 

(e) Experiments conducted without convective 
baffles indicated that the thermal stresses in a struc- 
ture of low thermal diffusivity will be considerably 
reduced by the convective heat transfer within the 
structure. With the development of proper scaling 
techniques, convection effects may be evaluated ex- 
perimentally in conjunction with conduction effects. 
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A Linear Perturbation Method for Stability 


and Flutter Calculations on Hypersonic Bodies 


MAURICE HOLT* 


Brown University 


Summary 


The equations governing linear perturbations in three space 
variables and time of steady supersonic petential flow past 
bodies of revolution are derived. The equations are referred to a 
characteristic coordinate system, and a general numerical process 
of solution is described. The assumption of potential flow simpli- 
fies the theory considerably and is justified in most flutter calcu- 
lations and in estimating the contribution to stability derivatives 
from the rear part of a body. However, there is no obstacle in 
principle to generalizing the technique to apply to nonisentropic 
flow fields. 

As an example, to represent the contribution of a typical 
hypersonic afterbody, the static stability derivatives associated 
with the exterior surface of a converging conical duct are calcu- 
lated. 

Dynamic stability derivatives can be found by a simple ex- 
tension of this calculation. 


Symbols 

x = position vector 

= metric tensor 

tj = suffixes, each with values 1, 2, 3 

Us = velocity vector in basic flow 

¥ = pressure in basic flow 

R = density in basic flow 

S = entropy in basic flow 

u, p, p, S = increments in velocity, pressure, density, and 
entropy in perturbed flow 

t = time 

a, B = characteristic coordinates 

New» he = length parameters along a and 8 lines, respec- 
tively 

y = angle between meridian plane and fixed meridian 
plane 


r = distance from axis of symmetry 
c = speed of sound in basic flow 
c = speed of sound in perturbed flow 
Q = fluid speed in basic flow 

= Mach angle in basic flow 


0 = angle between flow direction and axis in basic flow 

u,v, W = velocity components in characteristic coordinate 
system 

¢ = velocity potential 
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(1) Introduction 


6 pw STEADY HYPERSONIC FLOW past a body of 
revolution with a blunt nose and conical afterbody 
can be considered in two stages. On the forward part 
of the body, the shock is very close to the surface, and 
the complex mixed-flow pattern can be described with 
fair accuracy by a shock-layer theory. At a certain 
distance beyond the sonic point, where the shock layer 
becomes too thick for this simplified treatment, a change 
must be made to the method of characteristics for super- 
sonic flow. 

Corresponding divisions have to be made in the 
treatment of an oscillating hypersonic body, required 
for an estimate of the various stability and flutter 
derivatives. Unsteady forces on the forward part of 
the nose can be found by extending shock-layer theories 
to take account of time-dependent effects. On the 
rear portion of the body, which is our concern now, the 
unsteady motion can frequently be represented by a 
potential. The assumption of potential disturbances 
is justified in panel flutter calculations and is also con- 
sistent with the current treatment of the steady flow 
problem on the rear part of a hypersonic body. 

In the present report, the equation governing un- 
steady first-order disturbances of steady isentropic 
flow with axial symmetry is derived. First, the 
author’s linearized method of characteristics is ex- 
tended to take account of unsteady disturbances. 
The equation satisfied by the disturbance potential is 
then derived in terms of characteristic variables de- 
fined by the basic flow, the time, and the angle con- 
tained by a meridian plane and a plane of symmetry. 
The equation is linear, hyperbolic, and of the second 
order. The third angular variable only appears in one 
term and can be separated out. 

In calculating stability or flutter calculations, we 
need to consider steady motion or periodic motion. In 
all these cases, the equation can be reduced to a linear 
hyperbolic equation in the characteristic variables 
with known coefficients (which are complex in the case 
of periodic motion). In special cases, this may be 
solvable by Riemann’s method, but in most practical 
cases of aerodynamic interest the complicated form of 
the boundary conditions rules out an analytical ap- 
proach and a numerical step-by-step process must be 
used. The process described here is simpler than the 
method of characteristics for nonlinear applications 
since integration is over the known network of char- 
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acteristic lines associated with the basic steady flow 
field. 

The application of the process, to the calculation of 
stability derivatives on a converging conical after- 
body, illustrates the perturbation of a nonuniform basic 
flow field. In contrast to the situation in linearized 
theory, the coefficients in the equation governing the 
perturbed flow here are variable and have to be evalu- 
ated in a preliminary calculation of the basic flow field 
by a method of characteristics. In calculating the 
perturbed field, we can eliminate the time as an inde- 
pendent variable, either by combining suitable, steady, 
perturbed flow fields in the manner described by Tobak 
and Wehrend! and Ribner and Malvestuto,? or by 
considering harmonic body motions of small amplitude. 


(2) Time-Dependent, Linear Perturbations of 
Steady Flow 


In reference 3, the author derives a linearized method 
of characteristics for calculating perturbations of a 
given three-dimensional field of flow. This only takes 
account of steady perturbations, and we begin by ex- 
tending the theory to deal with unsteady disturbances. 
Using the notation of reference 3, let x‘ be the posi- 
tion vector with metric tensor g;; (7, 7 = 1,2,3). The 
velocity vector, pressure, density, and entropy in the 
basic field are denoted by L”', P, R, and S, respectively. 
These variables depend only on the position vector 
x’. Corresponding variables in the perturbed field 
are U'+u',P + p,R+ p, S +s; these depend on x' 
and also on the time ¢. 

The disturbance to the basic flow field is assumed to 
result from unsteady motion of the body of small 
amplitude. Further, the basic flow is in the normal 
supersonic range, so that the hypersonic similarity 
parameter is small. It follows that the additional field 
—namely, the difference between the basic and per- 
turbed fields—can be defined by linearized equations, 
in which only first-order terms in u‘, p, p, and s are 
retained. 

The equations governing the perturbed flow are 


Momentum 


(Ou,/Ot) + + w)(Ui, + ui, + 
(1/(R + +p). = 0 (2.1) 


Continuity 
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[1/(R + p)(C + + g*(Ujn + + 
+ + + 0)? \(P + p)x = 0 (2.2) 


Conservation of Entropy 
(Os/Ot) + (U! + + 5,;)) = 0 (2.3) 
P+p=f(R+p,S+s) (2.4) 


The basic flow variables alone satisfy these equations 
also, with the time dependent terms omitted. If we 
subtract the basic flow equations from the correspond- 
ing Eqs. (2.1) to (2.4) and retain only terms linear in 
u', p, p, s we obtain the equations governing the addi- 
tional flow field. These equations differ from corre- 
sponding equations derived in reference 3 only in 
terms 7, in Eq. (2.1), p/RC? in Eq. (2.2) and § in Eq. 
2.3). We can, therefore, follow the procedure used in 
reference 3 and refer Eqs. (2.1)—(2.4) to the system of 
characteristic coordinates defined by the basic flow. 

At present, we are only interested in the case of basic 
axially symmetrical flow. The coordinate system then 
consists of characteristic surfaces of revolution 


State 


a = constant, @ = constant 


and meridian planes y = constant. The characteristic 
surfaces are determined by the basic flow, of course. 
In any meridian plane, the a curves are inclined at the 
angle 6 + wand 6 curves at the angle 6 — u to the axis 
of symmetry. Length parameters h,, h3 are intro- 
duced, so that 4,da and h,d8 are elements of length 
along a lines and @ lines, respectively. Let x, 7, y be 
cylindrical polar coordinates referred to the body axis, 
and u, v, w, corresponding velocity components of the 
additional field. The characteristic equations are then 


—Q sin 6(0u/hs08) + Q cos 6(0v/h308) — 
C(Ow/rdy) — C(v/r) — (cot — 
sin (0 — + cos (6 — — 
(/RO)p+K+L=0 (2.5) 


Q sin 0(0u/h,0a) — Q cos 6(0v/h,0a) — 
C(dw/rdy) — C(v/r) — (cot u/R)(Op/h,da) + 
sin (@ + — cos (6 + — 
(/RO)p+K+M=0 (2.6) 


(1/2)Q see u((1/r)} [0(rw) /h,da} + 
[O(rw) + (1/R)(Op/rdy) + w = 0 (2.7) 


where AK, L, M are linear functions of u, v, w, p, and p 
defined in reference 3. They will be evaluated below. 
In general, these equations are combined with the en- 
tropy equation, the equation of state, and the con- 
tinuity equation. 

In many applications, both the basic flow and its 
unsteady perturbation can be treated as potential flows. 
This is justified when disturbances propagated down- 
stream from the body are far more significant than 
disturbances propagated toward the body after re- 
flection at the shock, as is the case in most panel 
flutter problems and some stability calculations. 

Accordingly, we may write 
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+ where g = o(x', 2) and streamline, we find 
(2.2) 
Eqs. (2.5), (2.6), and (2.7) then reduce to a single Or/h,0a = sin (6+ 4), Ox/h,a = 
second-order equation for cos (6 + 31) 
(2.3) Or/hgOB = sin (0 — = ( 
(2.4) (3) The Equation for the Disturbance Potential . 
The characteristic equations governing the basic 
itions First, we record certain relations connecting the char- 
flow may be written (see, for example, reference 4) 
If we acteristic coordinate system and the physical variables , 
pond- | of the basic flow. (06 Oa) + (sin uw cos u/C?R)(OP da) + 
‘ar in From Fig. 1, showing the directions of a@ line (a Gi/nh, sin @sing = 0 (3.2) 
addi “minus’’ Mach line ine (a “plus’’ Mach line ° 
addi- minus ach line), 8 line (a “plus Iach line), (00/28) — (sin uz cos p/C?R)(OP/28) — 
ly in 
: Eq. where 7 = 0 in plane flow, 7 = 1 in flow with axial symmetry. 
ed a Cross differentiation of Eqs. (3.1) with use of Eqs. (3.2) and (3.3) leads to the relations 
‘Im O 
Ww. dh, /08 = cosec — (sin uw cos u/C?R)P, — (j/r)h, sin 6 sin — 
basic ha cos 2u[us + (sin cos + (j (3.4) 
then Oh; Oa = cosec cos — (sin cos u/C?R)P, — (j/k, sin 6 sin w| — 
halug + (sin cos u/C?R)P; + (j/Nhg sin sin (3.5) 
where we have written 
Ha = Py = P/Va, ete. 
urse. 
t the The additional pressure is defined by Eq. (2.7), which may be written 
(1/R)(Op roy) = — [(1/2)O sec + ‘hzdBdyY) | (3.6) 
ngth Since R, Q, u depend only on a and 8, Eq. (3.6) may be integrated to give 
y be Pe 
axis, (p/R) = — (1/2)Q see + | (3.7) 
I the Hence, 
then 
(p3/R) = —[(¢a/ha) + (¢3/hs) (cos? wP3/RC sin 2u) + (Q sin cos? 
(P3/RC*)¢ — ¢3 + (1/2)Q see OB) + (3.8) 
We now introduce the potential g into Eq. (2.5). From the relations 
(2.5) Ya = + + 
and Eqs. (3.1), we obtain 
u = ¢r = cosec 2u} (y3/hg) sin (@ + uw) — (¢a/hq) sin (6 — u)} (3.9) 
(2.6) v = = cosec 2u} cos (0 — — (¢3/hg) cos (@ + (3.10) 
Hence, 
—sin + cos hs)| = —(Q cos w/sin + (Q cos uw, sin alts) + 
nd p sin” 2u)} —(cos w sin 2u/h,)(0h,/08) — 2 cos cos 2u ug + (03 — ug) sin sin Qui + 
‘low. /hg? sin? 2u)} (cos w sin 2u/hz)(0h3/08) + 2 cos cos 2u ws + (03 + ug) sin w sin (3.11) 
> en- 
—(C/r)(Qw/d¥) = (3.12) 
1 it —C(v/r) = —(C/r sin 2u)} cos (0 — — (¢3hg) cos (0 + u)} (3.13) 
1 its 
OWS. From reference 3 we find, after some reduction, that 
K+ L = (p/R?) cot u(P3/hg) + (c/QR sin® cos w)[(P3/hg) + (Pa ha)| + 
re- (1/hg sin? 2u) — (¢a/ha) cos 2u| [—(P3/RC) + Qs sin + cos + 
anel (1/hq sin? 2u)} [(¢a/ha) — cos 2u|[—(Pa/RC) + Qa sin u + cos ul} (3.14) 
We may write 
(p/R?) cot (P3/hs) + (c/QR sin? cos u)[(P3/hs) + (Pa/he)| = (cot w/RC*)(P3/hg) + 
(1/C* sin 2u)[(P3/hs) + (Pa/ha) \(d?P/dR?)} (1/2)Q sec + + 
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and so reduce Eq. (3.14) to the form 
K + L = ~(1/RC sin’ 2u)[(¢a/ha) + (¢a/hs) + (26 cos u/Q)] {2 cos? u(Ps/hg) + + 
(P/ha) \(d2P/dR?)} + sin? 2u) | (1/hs)[—(Ps/RC) + Qs sin + cos — 
(cos + Qa sin + cos + sin? 2u) { (1/ha)[— (P,/RC) + 
Q, sin u + Q0, cos un] — (cos 2u/hg)[—(P3/RC) + Qs sin + cos uj} (3.15) 
Finally, 
—sin (0 — + cos (0 — — (1/RC)p = (¢/C) + (1/sin — cos + (2tta/ha)] (3.16) 
Using Eqs. (3.8), (3.11), (3.13), and (3.15), we can now evaluate the coefficients of g,, gs, ete., in Eq. (2.5). 
We shall reduce each term separately. 
Coefficient of 
This is 
(Q/h,? sin® 2u){2 cos cos 2u(ug) + (0g + mug) sin sin 2u} + (1/hg*) | (cot sin 2u)P3 + 
(Qus/2 cos u)} — (1/RChg sin? 2u){2 u(P3/hg) + (R/C*)[(Ps/lg) + \(d?P/dR*)} + 
(C/rhg sin 2u) cos (0 + + (1/hg sin? 2u)} (1/hs)[—(P3/RC) + Qs sin + Q8, cos — 
(cos 2u/hg)[—(P,/RC) + Q sin u + Q6, cos uj} = (P3/RChg? sin? 2u) X 
{ —1 — sin? w — 2 sin? uw cos? — (R/C*)(a?P. ‘dR®)} + (Q6; cos u/hg? sin? 2u)(1 + 2 sin? w) + 
(P,/RChhg sin® 2u){ cos 2u(1 + sin? — (R/C?)(d2P/dR*)} + (Qug cos sin Qu) — 
(Q cos cos 2u/h,hg sin® 2u) 0, + (C/rhg sin 2u) cos (@ + 


which, with the aid of Eqs. (3.2) and (3.3) reduces to 


(1/hg? sin? 2u){ [cos 2u — 1 — (d?P/dR?)](P3/RC) + cos + 
[70 cos sin (6 + w)/rhg sin 2u] + (P./RCh,hg sin® 2u)[2 cos 2u — (R/C*)(d*?P/dR?) | 


The first term vanishes since we may write 
Q? sin? = dP/dR 


whence, using the relation 


dP/R = —QdQ 
— (2dP/RQ?) + 2 cot du = (1/C*)(d2P/dR2)DP 
or (dP/RC)(2 sin? + (R/C2)(d2P/dR2)| = 2 cos du (3.16a) 


Hence, the coefficient of g is 
(P./RCh,hg sin? 2u) (2 cos 2u — (R/C*)(d?P/dR*)| + (JQ cos u/rhg sin 2u) sin (6 + 


Coefficient of 
After reduction similar to that applied to the coefficient of g3, this becomes 


(P3/RCh,hg sin® 2u)[2 cos 2u — (R/C*)(d?P/dR*)| + [jQ cos u sin (0 — y)/rh, sin 


Coefficient of ggg: This is evidently zero. 
Coefficient of gas: 20 cos sin 
Coefficient of ¢1: —(1/C* sin 2u)[(Ps/hg) + (Pa/ha)\(d?P/dR*) 
Coefficient of gay: [(1 — cos 2u)/hg sin 2u] + (cot u/hg) = (2/hg sin 2) 
Coefficient of oat: 2/h, sin 2u 
Complete Potential Equation: 

This is 


(Q cosec eas — (Q sin + (¢u/C) + (2/sin + — (1/C* sin 2u) X 
[((Pa/Na) + (Ps/hg) \(d2P/dR*)¢, + (1/hg sin? 2u){ (Ps/RChg) [2 cos 2u — (R/C?)(d2P/dR*)] + 
(JQ/r) cos sin 2u sin (0 — eq + (1/hg sin? Qu) (P,/RCh,)[2 cos 2u — 
(R/C?)(d?P/dR?)] + (jQ/r) cos u sin Qu sin (9 + = 0 (3.17) 


Since the variable y only appears explicitly in the second term of Eq. (3.17), we may write 


(3.18) 
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Further, when the motion of the body is assumed to be periodic of small amplitude, we may superpose solutions of the 


type 


¢ = > 4a,F"(a, Be cos ny (3.19) 
1 


The reduced potential then satisfies the equation 


Fis" + (hg sin sin? 2u){2iw sin 2u + (Ps/RChg)[2 cos 2h — (R/C*)(d?P/dR*)] + 
jQ/r cos sin 2u sin (6 — u)} + (hq sin sin? 2u){2iw sin Qu + 
(P,,/RCh,) (2 cos 2u — (R/C?)(d2P/dR?)| + (jQ/r) cos sin Qu sin (6 + Fs" + (hahg sin X 
| (n?Q sin p/r?) — (w?/C) — (iw/C* sin 2u)[(Pa/Na) + F"=0 (3.20) 


Eq. (3.20) may be written 
Fig" + oF," + bF," + ¢,F" = 0 (3.21) 


where, in general, a, b, and c, are functions of a and 8 
defined by the basic flow. Eg. (3.21) is a linear, 
homogeneous, hyperbolic equation in two independent 
variables a and 8. In principle, given correctly formu- 
lated boundary conditions, it can be solved by Rie- 
mann’s method.’ In the general case, the coefficients 
are complex and may only be known in tabular form so 
that it is usually necessary to solve the equation nu- 
merically. 


(4) Boundary Conditions 


The form of the boundary conditions will depend on 
the nature of the problem. In all problems, we shall 
have a surface boundary condition stating that there 
is no relative motion normal to the body. In addition, 
we shall be given values of ¢ or its derivatives along 
some leading minus characteristic surface which marks 
the beginning of the supersonic flow region where the 
perturbation technique can be applied. In stability 
calculations, these initial data are obtained from the 
solution to the perturbed flow problem on the forward 
part of the body. In flutter calculations, the dis- 
turbance is assumed to result from local oscillations of 
a panel. On the leading characteristic surface through 
the front edge of this panel, ¢ must be constant. 

The direction cosines of the normal to the surface 
are 


(—sin #, cos@cosy, cos @sin 
and the velocity components are 


cos — (1/¥) ¢y sin y, 
¢y sin + (1/y)¢y cos 


Substituting from Eq. (3.19), we find that the surface 
boundary condition is 


n n 
a,F," sin@ + a,F,"cos@ =u, (4.1) 
0 0 


where u,e’” is the component of body velocity along 
the outward normal. 

Depending on the type of motion executed by the 
body, which may include distortions of a periodic char- 
acter, we shall get sets of relations between the coeffi- 
cients in Eq. (4.1). In flutter problems, u, may in- 


M=3.05 


Fic. 2. Geometry of conical duct. 


volve a large number of harmonics in y, and we have 
to derive a large number of conditions on a,F" from 
Eq. (4.1). However, the flutter modes will generally 
have symmetry properties which simplify these condi- 
tions. In stability calculations, we need only con- 
sider small steady deviations from the steady symmet- 
rical state, and it is usually only necessary to consider 
zero and first-order harmonics in y. 

To illustrate our approach, we derive the boundary 
conditions corresponding to a periodic vertical plunging 
motion of the body of small amplitude such that the 
downward velocity at time ¢ is me’. Eq. (4.1) then 
becomes 


n n 
—> a,F," sin + > a,F," cos @ = —u, cos@ (4.2) 
0 0 
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Fic. 3. Basic flow pattern around duct. 
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Fic. 4. Basic pressure variation in fan. 
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Fic. 5. Basic pressure variation on body. 
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Fic. 6. Disturbance pressure variation in fan. 
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Fic. 7. Disturbance pressure variation on body. 
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Following Ferri® and earlier writers, we may assume 
that small disturbances to the steady supersonic motion 
of a body of revolution at zero incidence only involve 
zero and first-order harmonics in y. 

Then 


for a> 1 


and we obtain the following relation for a, from Eq. 
(4.2): 


a,F;,' sin — a,F,' cos = cos 0 (4.3) 


The function F' and its derivatives in Eq. (4.3) are 
evaluated at the surface, and derivatives with respect 
to x and y can be replaced by derivatives with respect 
to a and 8 according to Eqs. (3.9) and (3.10). 


(5) Application 


To represent the effect of an afterbody on a blunt- 
nosed projectile in hypersonic flight, the above tech- 
nique is applied to calculate stability derivatives on an 
open-ended converging conical duct. Only the external 
flow field is considered since this is independent of the 
internal flow. The main-stream flow conditions are 
chosen to simulate the local conditions applying on an 
afterbody of a hypersonic projectile. We therefore 
consider the flow field near the duct in a uniform stream 
of Mach Number 3.05. The dimensions of the duct 
are shown in Fig. 2. The radius of the upstream sec- 
tion is | ft., its length is 1.5 ft. and the semiangle of the 
cone is 20°. 

We first calculate the undisturbed flow field. This is 
illustrated in Fig. 3. At the forward rim of the duct the 
flow turns through a centered expansion which, in the 
limit, at the rim itself, tends to a Prandtl-Meyer ex- 
pansion. Starting from uniform conditions on the 
forward characteristic of the fan 1.0-0148, the equa- 
tions of steady isentropic flow for a perfect gas with 
y = 1.2 are integrated by the method of characteristics 
up to the final ray of the fan 1.0-13. The method of 
characteristics is then applied to calculate the flow 
field near the surface of the duct satisfying initial con- 
ditions just found along the line 1.0-13 and boundary 
conditions on the surface. 

This preliminary calculation determines the geom- 
etry of the characteristic network of lines a = constant, 
8 = constant and data relating to the undisturbed 
flow at network points. We now know the inde- 
pendent variables and coefficients in the potential 
equation governing perturbations of this basic flow 
field. To calculate a stability derivative, Cy,, for 
example, we consider the change in the basic flow pat- 
tern introduced by setting the duct at a small 
angle of incidence e. The disturbance potential can be 
represented by a single term 


F,(a, 8) cos 
This simpli- 


where F; satisfies Eq. (3.20) with » = 1. 
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| |2 cos 1)} Ou sin | }2 cos — 7 = 1)} Ou 
hohe sin’u} (y — 1) + 2 sin? 2y he sin? (y — 1) + 2 sin? 


where the suffix 1 has been dropped. 


sin (6 + 4 F=0 (5.1) 


2y hg y? 


Eq. (5.1) is integrated by a method of characteristics over the basic flow field. 


The boundary conditions are (1) on the leading characteristic, the disturbance is uniform so that F, and F, are 
constant, (2) at the corner, the perturbed flow tends to a Prandtl-Meyer flow, and (3) on the afterbody surface the 


normal velocity component is zero. 


The integration of Eq. (5.1) by a method of characteristics over a known network is much easier than the process 


required to determine the basic flow field. 


It leads to values of F, and F,; on the afterbody surface from which we 


can calculate the changes in surface pressure and, hence, the value of Cyyq. 


The results of calculating the steady perturbations are shown in Figs. 4-7. 
The pressure decreases through the expansion fan and increases along 


variation in the fan and on the body surface. 


the body, primarily due to the increased effect of the radial term. 


Figs. 4 and 5 show the basic pressure 


Figs. 6 and 7 show the corresponding disturbance 


pressures, expressed as coefficients of cos y for unit angle of incidence. 
When the surface pressure distributions are integrated, it is found that 


Cyq = 1.157, 


Cu —0.1127 


(5.2) 


In a definition of these coefficients, the maximum diameter of the duct (2 ft.) is used as the reference length, and the 


maximum cross-sectional area (m sq. ft.) is used as the reference area. 


Moments are taken about the horizontal 


diameter in the forward face and counted as positive when tending to depress the base. 
To determine dynamic stability derivatives, for example, Cy, and Cy,, we consider the perturbation due to vertical 


plunging motion of the body of small amplitude and low frequency. 


in dimensionless form, 
Fig 2 iv sin p 
h hg Q sin 2u 


[2cos 2p — (y — 1)] Ou 
\sin? ul(y — 1) + 2 sin® 2y f hg 
where F = / + ivg, and + is the reduced frequency. 

terms of order 


where a, b are the appropriate coefficients in Eq. (5.1). 


[2cos2u—(y—1)] Ou 
(sin? ul(y — 1) + 2 sin? 2,08 


sin? 


The equation for disturbance potential is then, 


sin — u)) sin 
2y ha Q sin 2y 


FeQQ (53 
y? QC sinus (= + 


We equate real and imaginary parts in Eq. (5.3), neglecting 
We find that the equation for fis the same as the equation for F in steady flow—namely, 


L(f) + + + (sin w/y2)f = 0 


+ (1/Q cos u)(fa/ha) + (A8a/ha) + (1/Q cos u)(fg/hg) + (b8—/hg) — 


(5.4) 

The equation for g is 
(Q/sin u)[(Ou/hga) + (Ou/hgOs)|f + (sin? w/y*)g = (5.5) 
(5.6) 


or L(g) = —(1/Q cos )[(fa/ha) + + (Q/sin + (up/hg) If 


The boundary conditions for the function f are the 


same as those for F in steady flow. We have 


= —sinu, fg/hg = sin (5.7) 
on the leading characteristic, and 
(fa/hg) — (fe/hg) = —2 sin cos 


at the corner or on the surface of the duct. 
The corresponding boundary conditions for g are 


La/Na hg 0 (5.8) 
on the leading characteristic, and 
(Za/Na) — (¥s/hg) = 0 (5.9) 


at the corner or on the surface of the duct. 

This analysis shows that the calculation of dynamic 
stability derivatives can be achieved by a simple ex- 
tension of the program for finding static derivatives. 
The numerical work was carried out by Mr. J. Morriello. 
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An Investigation of Optimal Zoom Climb 
Techniques 
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Grumman Aircraft Engineering Corporation 


Summary 


The problem of optimal zoom climb maneuvering of a turbojet 
aircraft has been investigated using the Mayer formulation of the 
calculus of variations. The Euler-Lagrange equations governing 
optimum symmetric flight have been integrated numerically by 
digital computation. 

Discontinuities in thrust arising from turbojet afterburner 
blowout have been treated, and conditions which must be satis- 
fied across the interface generated by the discontinuity have been 
derived. 

Arbitrary control techniques have been compared with the 
optimum, and it has been found that performance is relatively 
insensitive to piloting technique unless a time limitation is im- 
posed which requires high maneuvering load factors. 


Symbols 
J = functional to be minimized 
F = integrand of functional 
t = time 
G,, 2,3 = subsidiary differential expressions 
F = modified integrand defined by Eq. (6) 
Mi, 2,3 = multiplier variables 
P = function of final values of variables 
fe = constant defined by Eq. (19) 
V = true air speed 
y = flight path angle (see Fig. 1) 
h = altitude 
W = weight 
a = angle of attack (see Fig. 1) 
= thrust 
D = drag 
EL = lift 
g = acceleration of gravity 
u(x) = Heaviside step function 
6(x) = Dirac delta function 
’ = function defined by Eq. (33) 
h, = energy height, defined by Eq. (41) 


Introduction 


F gamma the problems of optimizing climb and 
range performance have been studied on a steady- 
state basis since the beginnings of flight, it is only in 
relatively recent years that the more general problem, 
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in which forward and normal accelerations are taken 
into account, has received attention in applications to 
high-performance aircraft and missiles. It was, in 
fact, near the end of World War II, when the German 
jet interceptor Me262 came into flight test status, that it 
was recognized that the amounts of time and fuel ex- 
pended in accelerating to combat air speed during climb 
had become appreciable in relation to those required for 
the climb to altitude itself, and that a departure from 
the aerodynamicist’s ‘‘maximum rate-of-climb’’ con- 
cept was in order. 

This was first noted by Lippisch? in a study of per- 
formance calculation methods for jet-propelled air- 
craft. He pointed out that the optimum climb sched- 
uling problem is essentially one of the calculus of vari- 
ations, but it was for his colleague Kaiser* at Messer- 
schmitt A.G. to derive and propose the technique which 
has since become widely referred to as the “energy 
climb” schedule. 

This was accomplished outside the framework of the 
calculus of variations by virtue of an assumption that 
drag can be represented as a function of air speed and 
altitude only, on the basis of lift = weight. Under 
this simplifying assumption the optimization problem 
proved to be tractable by relatively simple methods. 
The L = W approach has been examined by many 
investigators subsequently—e.g., Lush,* Garbell,® Ru- 
towski,® and Miele’—and the resulting solutions in most 
cases exhibit sufficiently small path curvature and slope 
over a central portion of the path as to be reasonably 
compatible with the basic assumption. Certain por- 
tions of the solutions comprising vertical climbing and 
diving flight, however, must be excluded from consider- 
ation on the basis of conflict with the L = IV assump- 
tion, and this leaves the simplified approach incapable 
of handling cases in which initial or final points off the 
central path are specified. 

The popularity of the simplified approach as exempli- 
fied by the ‘“‘energy climb” concept still persists, and, 
notwithstanding the fact that results so obtained are 
of considerable practical interest from an engineering 
viewpoint, the real reason for this is undoubtedly that 
when the ‘‘refinement”’ of realistic drag representation 
is brought in, the resulting equations arising from 
variational treatment present a task of solution which 
is more complex by an order of magnitude. 

The first serious efforts at attacking the optimum 
flight path problem by means of the calculus of vari- 
ations were made at the RAND Corporation in the late 
1940’s, starting with the work of E. M. Liebhold.' 
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A short time later, a very general and rigorous formu- 
lation of the problem for paths of least time was given 
by a consultant to RAND, Dr. Magnus R. Hestenes, a 
mathematician of first rank in the field of calculus of 
variations. 

An analog computer exploration of solutions of the 
Euler equations governing optimum paths was then 
made at RAND by Mengel,’’ revealing serious difficul- 
ties associated with the fact that solutions are ex- 
tremely sensitive to variations in initial conditions im- 
posed on the Euler multiplier variables. This means 
that multivariable problems attacked by analog or 
numerical integration procedures offer extreme diffi- 
culty in satisfaction of boundary conditions imposed 
on final values of the variables, a fact which seems to 
have discouraged efforts along this line, judging from 
the scarcity of published results. * 

At about this time (1951), B. Garfinkel of the Aber- 
deen Ballistics Laboratory published his formulation of 
the optimum path problem in terms of the Mayer 
problem in the calculus of variations, a decisive step 
toward a unified theory in which problems of minimum 
time, maximum range or altitude, minimum fuel, etc., 
may all be treated with a single set of equations. Al- 
though this treatment'* is sophisticated in many ways— 
e.g., handling of constraints and data discontinuities— 
it is interesting to note that the acceleration effects 
which had originally been the spur for departure from 
the old steady-state methods were omitted. 

In more recent years, the prolific investigators Cicala 
and Miele, often in collaboration, have dominated the 
field with their contributions. Although these are too 
numerous to catalog in these introductory remarks, 
special attention should be drawn to Miele’s powerful 
analytical Green’s theorem approach which he has 
exploited in cases reducible to two variable problems,’: '* 
and to the fundamental work of Cicala on the Mayer 
formulation!‘ and on phenomena of discontinuous solu- 
tions.® 


Theoretical Analysis 


In the present paper we are concerned with an appli- 
cation of the theory in which maneuvering drag plays 
so dominant a role as to preclude simplified analysis of 
the L = Wtype. The case of interest is the zoom climb 
maneuver of a turbojet powered aircraft, a tactic of 
practical interest in interception of high flying targets 
where efficient conversion of kinetic to potential energy 
is sought. 

In the study of zoom climb paths we must deal with a 
discontinuity in thrust arising from afterburner blow- 
out, the well-known characteristic of a turbojet after- 


* It is understood that Prof. D. O. Dommasch has undertaken 
numerical work under sponsorship of USAF Wright Air De- 
velopment Center; circulation seems to be restricted by safe- 
guards on proprietary rights on contractor’s data as well as by 
security classification. Professor Dommasch’s earlier published 
analysis! appears not to have taken advantage of the previous 
RAND work. 
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burner to cease functioning above a certain altitude. 
The thrust is then a discontinuous function of air speed 
and altitude known a priori; it does not possess partial 
derivatives with respect to these variables along the 
blowout boundary in the V-/ plane. Since the partial 
derivatives of thrust enter the Euler-Lagrange equa- 
tions governing optimal flight, a special treatment of 
conditions prevailing across this boundary is required. 
This situation is to be carefully distinguished from 
the more commonly occurring case of discontinuities 
arising in the unknown functions which are to be found 
in the course of solution. 

The work of reference 1, upon which this paper is 
based, contains a fairly detailed derivation of the Euler- 
Lagrange equations featuring a parametric formulation 
of the problem as one of Mayer type. For the sake of 
brevity in the present paper it seemed advisable to 
simplify as far as possible. To this end we have 
omitted the range and fuel consumption variables 
appearing in more general cases and abandoned the 
use of a parameter in the role of independent variable 
as unessential to the application at hand. We will no 
more than sketch out the derivation of the Euler- 
Lagrange equations for optimal flight, since this matter 
has been amply covered in the literature.’ 
On the question of natural boundary and transversality 
conditions, we will simply state the well-known results 
for completeness; the reader is referred to the work of 
Cicala'* and Miele’* for discussion of this and of the 
advantages of the Mayer formulation. 


Equations of Motion 


The following system of equations for flight in the 
vertical plane has been “‘tailored’”’ to minimum com- 
plexity in our turbojet zoom climb application by 
means of a number of assumptions which hold reason- 
ably well for this case: (1) weight sensibly constant 
over the short zoom interval, (2) thrust component nor- 
mal to the flight path negligible, and (3) effects of 
Earth’s curvature, rotation, and gravity variation with 
altitude negligible. 


Acceleration tangential to the path: 


G = — V+ (g/W)(T — D) — gsiny = 0 (1) 
Acceleration normal to the path: 
= —¥ + (gL/WV) — (g/V) cosy = (2) 
Altitude: 
G; = -—h+ Vsiny = 0 (3) 


The coordinates and axis system employed are illus- 
trated in Fig. 1. 


Formulation of the Optimum Path Problem 


A general statement of the optimum flight path prob- 
lem may be given in terms of an integral 


J= f F dt 
to 


(4) 


h- ALTITUDE 


ALTITUDE 
@ -ANGLE OF ATTACK 


~FLIGHT PATH ANGLE 


Fic. 1. Coordinates and axis system for symmetric flight. 


representing some quantity whose maximum or mini- 
mum or, in general, stationary value (extremum) is 
sought along with the argument functions upon which 
the integrand F depends. The integral / is termed a 
functional, since it clearly depends on the entire course 
of the argument functions rather than on a number of 
discrete variables. 

By a suitable choice of sign for the integrand F, we 
can, if we wish, always state our problem in terms of a 
minimum problem—i.e., by simply changing the sign 
of F if we are actually seeking a maximum. This is no 
more than an arbitrary sign convention; once a set of 
functions have been found which render J stationary, 
we must look further to ascertain whether the station- 
ary value is indeed a minimum, just as in minimum 
problems of elementary calculus. 

The functions upon which F depends are, in the pres- 
ent case, the variables V, y, #, and the control variable 
a, angle of attack. These are, of course, not free of 
choice but subject to the subsidiary conditions repre- 
sented by the three equations of motion (1), (2), and 
(3). 

Further restrictions on the problem variables may be 
imposed in terms of prescribed boundary values. These 
may be statements of fixed values, or they may be 
expressed by equations relating initial or final values 
of the variables. There is obviously a limit to the 
number of boundary conditions which may be im- 
posed in a reasonable problem, and this matter will be 
discussed subsequently. Where fewer boundary condi- 
tions than this limiting number are actually imposed, 
the problem is said to have partially ‘‘free’’ boundary 
values. An unspecified or “‘open’’ boundary condition 
on a particular variable requires that the most favor- 
able boundary value of that variable be determined 
as part of the extremum problem. 

A number of additional requirements must be met 
as necessary that the problem as stated actually 
possess a solution, and these range from the obvious 
one that the subsidiary and boundary conditions be 
noncontradictory to more subtle considerations on con- 
tinuity and differentiability of the integrand and the 
variables of the problem. Even rather stringent 
conditions of this latter type do not provide insurance 
against degeneracy and nonexistence of a true ex- 
tremum. In spite of continuing mathematical effort 
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over the years, it is no simple matter to determine a 
priori whether or not a problem is reasonable—i.e., 
whether a solution actually exists. Even after a set 
of functions which make J stationary have been found, 
the investigation of the extremal character of this 
solution is often far from straightforward. 

This is particularly true when the matter of bound- 
ary conditions is under question, for it is not difficult 
to demonstrate cases in which moderate changes in 
boundary values transform a legitimate problem into 
one for which no solution exists. Examples of appar- 
ently reasonable variational problems which do not 
have solutions are to be found in the lecture notes of 
Courant."* 

Since the main interest of the following brief treat- 
ment lies in the formalism of the Mayer approach, it 
will be assumed in this section that the integrand and 
problem variables possess as many differentiability 
properties as may be necessary to avoid difficulty. 
In so doing, it is not intended to imply that troubles 
of continuity are unlikely to occur in cases of in- 
terest, for rather the reverse is true in many practical 
applications of the theory. We will later examine the 
situation arising in the case of discontinuous thrust. 


The Multiplier Rule 


With a formal similarity to the Lagrange multiplier 
technique of differential calculus, we may now restate 
the minimum problem in terms of a single integral 
without subsidiary conditions: 


J= f F dt (5) 
to 


F = F + + + (6) 


in which 


The functional J is now to be made stationary with 
respect to the same functions |’, y, #, and a@ plus the 
additional functions ;, A», and A;. For background 
information on the multiplier rule we refer the reader 
to the texts of Courant!’ and Bliss.”° 


The Euler-Lagrange Equations 


We will omit the derivation of necessary conditions 
by the vanishing of the first variation of the integral //, 
referring the reader to reference | or the literature pre- 
viously cited. A principal result may be stated briefly 
as follows: the variational derivative of F with respect 
to each variable must vanish. 


[Fly = QF/OV) — (d/dt\(QF/OV)=0 (7) 
[F], = (OF/d7) — (d/dt)(QF/ay¥) =0 (8) 
(Fl, = (OF/dh) — (d/dt)(OF/doh)=0 (9) 
[Fle = (OF /0a) — (d/dt)(OF/de) = 0 (10) 


Since the derivatives of the \ multiplier variables do 
not appear in F, the variational derivatives of F with 
respect to the \’s are merely the ordinary derivatives; 
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the vanishing of these quantities reproduces the original 
subsidiary equations (1), (2), and (3). 

The preceding Euler-Lagrange equations apply for a 
general integrand F which is free of derivatives higher 
than the first. That part of F associated with the 
subsidiary conditions need not contain such higher 
derivatives, for these conditions can always be written 
in first-order form, if necessary by the introduction of 
additional variables. 

We shall consider only cases in which the quantity 
to be minimized depends entirely on final values of the 
problem variables: 


J = P(V,, Yr hy, ay, ty) (11) 
The integrand F in such cases may be expressed as 
F = (d/dt)P(V, y, h, a, t) (12) 


(Assuming that initial values are fixed, it is clear that 
minimizing P, — P, is the same as minimizing P,.) 
The form of Fis then 


F = (OP/OV)V + (OP/dy)¥ + 
(OP/dh)h + (OP + (OP/dt) (13) 


Thus, the integrand will in the cases considered be 
free of higher derivatives of the problem variables, 
and the Euler-Lagrange equations as written above 
will apply. 

It is significant that the variational derivative of Eq. 
(13) with respect to each problem variable vanishes 
identicaliy, as may be verified directly. This is a simple 
consequence of the fact that an integral representation 
is unnecessary in these cases where J depends only on 
final values, except as a matter of convenience in 
treatment of the subsidiary differential conditions. 

This special case in which the quantity to be mini- 
mized depends on final (or initial) values only is known 
as the Mayer problem. It is characterized by the fact 
that the Euler equations are the same regardless of the 
function to be minimized. Such a formulation has 
obvious merit in development of a unified theory allow- 
ing treatment of a variety of problems in that a single 
set of equations may be employed. 

The Mayer formulation, moreover, is considerably 
more general than might at first appear (see Bliss,” 
Part II, Section 69). In fact, in cases where the 
integrand F is of a more general form than was assumed 
in Eq. (12), we may introduce an additional variable x 
defined by 


—(dx/dt) + F=0 (14) 


and then regard the problem as one of minimizing x, 
subject to Eq. (14) as a subsidiary condition, thus 
converting the problem to one of Mayer type. The 
only complication arising from such a procedure is 
that F may not be linear in the derivatives of the vari- 
ables, or that it may contain higher derivatives; these, 
however, do not constitute essential difficulties. 

The Euler-Lagrange equations corresponding to 
Eqs. (7), (8), (9), and (10) in the present example are 
the following: 


Airspeed V: 


A(g/W)(0/0V)(T — D) + 
Ao[(g/W)(0/0V)(L/V) + (g/V*) cos y] + 
As sin y = O (15) 


Flight Path Angle y: 
ho — Ag cos y + Ao(g/V) sin y + Asl cos y = O (16) 
Altitude h: 


+ Allg oh) (T D) + 
he(g/WV)(OL/Oh) = (17) 


Angle of Attack a: 
—Ai(g/W)(OD/0a) + do(g/WV)(OL/da) = (18) 


A first integral of this system exists in the case where 
the known functions appearing in the equations of 
motion do not depend explicitly on the independent 
variable ¢ (see reference 1): 


H = XV + Aw + Ash = constant (19) 


This often proves convenient in computations either 
as a check or as a replacement for one of the other 
Euler equations. 


Boundary Conditions 


The system of Euler equations including the equa- 
tions of motion is of sixth order in the aggregate and, 
according to the usual rules, this permits specification 
of six initial and final conditions. In a case where 
initial and final values of the independent variable ¢ 
are fixed, for example, this suggests the possibility of 
specifying both initial and final values of the variables 
V, y, and h. Were this permissible, it would imply 
that the value of a functional J depending in a par- 
ticular case, say, on final values of |’, 7, and/or h 
could be chosen beforehand. 

A closer inspection of the Euler equations, however, 
shows that this is not the case because of their linearity 
and homogeneity in the \ variables. This means that 
imposition of three boundary variables on the )’s is 
not equivalent mathematically to specifying the same 
number on the other problem variables, since only 
ratios of the \ variables are of importance. It can be 
seen that multiplying the boundary values of the A 
variables by a constant factor, for example, would have 
no effect on the solution for the problem variables. 

The gist of this matter is that the effective order of 
the set of equations in the \’s is one less than the ap- 
parent order. This is demonstrated by means of a 
transformation of variables in reference 1. This 
phenomenon associated with the homogeneity of the 
Euler equations in the \ variables arises whenever the 
Mayer formulation is employed. 

Thus, it appears that a maximum of five boundary 
conditions can be imposed on the problem variables 
according to the physical situation of interest. For 
a discussion of the effects of leaving certain variables 
unspecified—i.e., imposing less than the maximum 
permissible number of boundary conditions—the reader 
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is referred to reference 1 and the papers mentioned 
earlier. In the simple cases where the functional to be 
minimized is identified with the final value of a prob- 
lem variable or that of the independent variable ¢, the 
requirements are simply the following: 

(1) If the final value of the problem variable is left 
open, the corresponding ) has the final value zero. If 
the final value is to be a minimum, the corresponding 
\ has the final value unity. 

(2) If the final value of the independent variable 
(time in the present example) is left open, the quantity 
HT has the value zero. If time is to be minimized, 
then 7] = —1. 

It should be noted that seeking a minimum final value 
for any expression depending explicitly on the control 
variable (a in the present case), such as the variable 
itself, for example, does not constitute a ‘“‘reasonable’”’ 
problem, owing to the fact that the control variable is 
capable of discontinuous behavior. 

In connection with these remarks on boundary 
values, we take the opportunity to observe the following 
important fact: every solution of the system of equations 
represents the solution of several problems, depending on 
which boundary values are regarded as having been 
specified. Thus, as long as the final value of the A 
corresponding to a particular variable is nonzero (or 
H # (in the case of ¢), the time history can be regarded 
as representing a case in which the final value of the 
variable has been made stationary. This is a result of 
the fact previously mentioned that the \ variables can 
be multiplied by any desired constant without affecting 
the solution for the problem variables. This is another 
interesting attribute of the Mayer formulation in which 
the same set of equations applies regardless of which 

variable’s final value is to be extremized. 


Treatment of Thrust Discontinuity: Afterburner Blowout 


The following treatment of thrust as a discontinuous 
function of air speed and altitude employs the method 
of the Dirac delta function. This powerful technique 
has only in recent years been placed on a firm mathe- 
matical 

Its use in the present application necessitates inter- 
pretation of the infinite discontinuities arising from 
the partial derivatives of thrust in the Euler equations 
in terms of symbolic functions. In order to make our 
operations legitimate, we should return to the integral 
form, the first variation, from which the Euler equations 
were derived. This approach has been adopted in 
reference 1; for present purposes we shall apply a less 
rigorous but more direct treatment to the Euler equa- 
tions themselves. 

We first define the Heaviside unit step function 


u(x) = 0, x<0 (20) 
u(x) = 1, x>0 (21) 


The derivative of 1 does not exist at the point of dis- 
continuity. If a function 6(x) is imagined as having 
u(x) as its first integral, 


u(x) = (22) 


this function would necessarily be zero for all — ¥ 0, 
and would be required to be infinite at § = 0 in such a 
way as to produce a unit integral for x > 0. Sucha 
definition is not satisfactory mathematically. The 
usefulness of the delta function, however, has been 
such as to stimulate mathematical endeavor justifying 
the employment of this symbol. Schwartz’s theory 
allows its use as a symbolic function,*' with the inter- 
pretation that when multiplied by a continuous func- 
tion and integrated from — to +, 


= 60) (23) 


the delta function picks out the value of the function at 
the origin. (See Friedman”? for a detailed treatment of 
symbolic functions.) Thus, the ‘‘values’ of 6(x) are 
never in themselves considered, but only the values of 
integrals involving the function. 

In the case of a turbojet afterburner (or ramjet) sub- 
ject to blowout beyond some boundary of altitude and 
air speed, the thrust may be thought of as being repre- 
sented by two functions, 7\(h, V) and 7»(h, V), the 
second replacing the first as the boundary h = h*(V) is 
crossed, asin Sketch 1. 


NON-A/B 


ALTITUDE 


AIRSPECD 
SKETCH 1. 


The discontinuity at h = h* may be represented as in 
Sketch 1 by means of the Heaviside unit step function: 


T = 7,(h, V) [1 — u(h — h*)) + 
T.(h, — h*)|p (24) 
= T,(h, V) + ATu(h — h*) { 


Partial derivatives of thrust may then be represented 
symbolically in terms of delta functions: 


OT/dOh = (0T;/dh)[1 — u(h — h*)] + 
T,[—6(h — h*)] + (0T2/oh)[u(h — h*)] + 
T2[5(h — h*)] (25) 


O7/OV = (07,/0V)[1 — u(h — h*)] + 
T,[(dh*/dV)6(h — h*)] + (O72/OV)u(h — h*) + 
T2{[—(dh*/dV)6(h — h*)] (26) 


These partials appear in two Euler equations as follows: 
M+ (g/W)(OT/OV) + ... = 0 (27) 
As + Ar(g/W)(OT/Oh) + ... = (28) 
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Special care in handling the terms containing the par- 
tials must be exercised in this case because the factor 
\; has a finite discontinuity which would prevent 
evaluation of an integral containing it in product with 
a delta function. 
With the first equation this difficulty may be avoided 
by dividing through by A, before integrating. 
* 
+ (g/W)(OT/OV)dh + ... = 0 
h*¥- h*- 
(29) 
In + [(e/W)(T, — T2) X 
(dh*/dV)u(h — h*) = (0 (30) 


— T.)(dh*/dV) = 0 
(31) 
The behavior of \; through the thrust discontinuity may 


then be expressed as 


= (32) 


* In (Ay*+/Ay*-) + (g/W)(T) 


where 
= g(T, — 7,)(dh*/dV) W*h* (33) 
Treatment of the Euler equation for \; cannot be 
similarly implemented. However, consideration of the 
combination 
ki + (dh*/dV)d3 + (g/W)[(OT/OV) + 
(dh*/dV)(OT/Oh) +... = 0 (34) 
recommends itself as an alternative because of this 
expression’s freedom from delta function terms. The 
bracketed quantity is proportional to the derivative of 
thrust in a direction tangential to the blowout curve 
h = h*(V), and, hence, exhibits no worse misbehavior 
than a jump discontinuity: 
(OT/OV) + (dh*/dV)(OT/Oh) = + 
(dh* /dV)(O7,/Oh)| [1 — u(h — + 
[((OT2/O0V) + (dh*/dV)(OT2/Oh) |[u(h — h*)] (85) 
Since the combined equation (34) is free of delta func- 
tions, it follows that the \ combination 


hi + (dh*/dV)xz (36) 
is continuous, and, therefore, 
+ (dh*/dV)A3**+ = + (dh*/dV)A3*— (37) 


and 


which is the desired relation for behavior of A; at 


blowout. 

It may be of interest to examine this for small slope 
of the blowout boundary dh*/dV. Expanding the 
exponential in powers of its argument, 

Ad\3 = — = — [\1*-/(dh* dV)| x 
[1 + + (7/2) +. 


For dh*/dV 
tude only ath = h 


= 0, corresponding to blowout with alti- 
= 0, and 


* is continuous, since ¢ 


Fic. 2. Optimum zoom climb trajectories. 


Ads = —M*[g(T2 — T1)/W*h*] (40) 


Interception Tactics 


The advent of bomber aircraft having supersonic 
performance capability has greatly intensified the 
difficulties of interceptor operations. The turbojet 
interceptor of the generation presently in development 
will usually attain its best speed performance at a 
lower altitude than its target, and will characteristically 
accelerate rather sluggishly once past the transonic 
drag rise owing to the small margin of thrust over drag 
typical of the supersonic region. 
ja During the climb and acceleration, the interceptor 
will ordinarily have available only coarse and inter- 
mittent vectoring information provided by a ground 
control intercept (GCI) center. Only when the 
fighter’s airborne intercept (AI) radar has acquired 
the target will sufficiently accurate information on 
target range, speed, direction, and altitude be forth- 
coming to permit initiation of an attack. Experience 
has shown that range limitations of the AI radar rep- 
resent the greatest impediment to a successful intercept, 
and this is particularly true in nearly head-on situ- 
ations where a high closing speed reduces the time avail- 
able for maneuvering before firing of weapons. 

Consequently, the interceptor pilot must attempt 
during the vectoring phase to situate himself as favor- 
ably as possible with regard to altitude and air speed 
so as to provide for last-minute contingencies. This 
will most often consist of approaching, and if possible 
attaining, the point of highest total energy (potential 
plus kinetic) on the interceptor’s altitude - air-speed 
envelope. Thus, following detection and lock-on to 
the target, the pilot can decide how best to make use of 
this stored energy, whether it be in a final corrective 
turn, or in a zoom to bring a high-altitude target well 
within the effective range of the weapons. 


Optimal Zoom Climbs 

In Fig. 2 is shown the air-speed - altitude performance 
envelope of our example airplane. Points on the 
envelope are determined by equivalence of level flight 
drag and afterburning thrust. The rather well-defined 
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maximum Mach Number point in the vicinity of 35,000 
ft. is typical of turbojet aircraft as affected by change 
in the atmospheric characteristic to isothermal above 
the tropopause. The subsonic high-altitude portion 
of the envelope is representative of minimum air-speed 
flight at high angles of attack approaching buffet, and 
its usefulness is accordingly rather limited. 

A family of curves representing various levels of the 
“energy height’’ quantity, 


h, = h + (V?/2x) (41) 


are also shown, and the point of tangency of such a 
curve with the level flight performance envelope is the 
point of maximum total energy. 

The technique of attack to be used following radar 
acquisition of the target will, in general, not lend itself 
to scheduling for optimum performance, owing to the 
pilot’s necessary preoccupation with the radar display 
and the aiming and firing of weapons. It seems de- 
sirable, however, to investigate the character of opti- 
mum maneuvers for the purpose of determining whether 
or not departures from the optimum technique are 
accompanied by significant performance losses. 

The rapid conversion of kinetic into potential energy 
in a zoom climb maneuver is a matter which has been 
the subject of much calculation, speculation, and 
flight-test activity in regard to the relative merits of 
various techniques. We will present in this section 
some results of optimum zoom calculations for our 
example airplane and compare the performance so at- 
tained with that for certain arbitrary schedules. The 
effect of loss of thrust augmentation through after- 
burner blowout will also be examined. 

The set of Euler equations (15)-(18) in conjunction 
with the equations of motion have been solved numer- 
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ically by a finite difference procedure on an IBM Model 
650 calculator. The method employed is of the pre- 
dictor-corrector type, a modification of Adams’ method 
due to R. McGill of Grumman Aircraft.?’ This tech- 
nique has proved itself versatile and accurate in a 
wide variety of applications. 

With initial conditions on air speed, path angle, and 
altitude fixed at the values for level flight at the 
maximum energy point of the envelope, the set of 
equations has been integrated numerically for various 
initial values of the A multiplier variables. As has 
been mentioned earlier, the solutions are dependent 
only upon ratios of these variables, and, accordingly, 
a two-parameter family of optimum flight paths de- 
pending upon initial \2/A; and A;/A, is obtained. 


Zoom Climb Solutions With Time Open 


The variety of optimum maneuvers included in this 
family is awesome—e.g., whip stalls, dives, partial 
loops. We therefore seek some means of confining the 
calculations to maneuvers of interest--namely, those 
terminating in level flight at a higher altitude than the 
initial one. 

We note that the quantity // defined by Eq. (19) is 
constant in the present example since none of the func- 
tions of the problem depend on time explicitly. By 
tenporarily restricting our attention to the case J] = 0, 
corresponding to no limitation on final time, we have 
the advantage of reducing our problem to exploration 
of a one-parameter family of solutions. In this par- 
ticular case, since y(0) = 0, this can be accomplished 
by fixing initial \)/A; at the value appropriate to an 
angle of attack for level flight, as may be seen from an 
inspection of the equations. 
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Fic. 4. Optimum zoom climb trajectory (air speed 74 knots 
equivalent air speed at maximum altitude). 
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Fic. 5. Peak altitudes of optimum zoom programs. 


The maneuvers of this family which are of practical 
interest happen to fall within a fairly narrow band of 
initial values of the remaining parameter, 0.01 < 
\s,/Ai, < 0.02. Loci of two of these zoom climb maneu- 
vers in the /-|” plane are shown in Fig. 2. 

Although only two zoom paths have been shown in 
Fig. 2 for clarity, a considerable number of additional 
paths have been calculated. The points of apogee have 
been used to define the curve labeled as the absolute 
zoom climb ceiling. 

The two representative maneuvers are shown in 
time history form in Figs. 3 and 4. These may be 
regarded as maximum altitude maneuvers for a given 
air-speed loss, or, alternately, as minimum speed loss 
zooms to particular final altitudes. The open condi- 
tion on final time, /J = 0, implies that imposition of 
any elapsed time restrictions different from those 
shown would result in less favorable conditions at 
apogee. 

These maneuvers are evidently mild ones as far as 
steepness and acceleration are concerned. They do not 
appear to lend themselves to statements of simple rules 
for pilot instruction purposes. The considerable in- 
crease in angle of attack near the end of the higher 
altitude zoom (Fig. 4) is associated with transonic 
variations in aerodynamic characteristics. This occurs 
at a much reduced level of dynamic pressure (note 
curves of g and equivalent air speed of Fig. 2) and 
cannot be expected to exert an important result on 


apogee height. 


Effect of Afterburner Blowout 


In the calculations presented it has been assumed 
that the turbojet thrust characteristic switches from 
afterburning to nonafterburning at 60,000 ft. altitude, 
independent of air speed. The time history calculation 
has been stopped at this point, the thrust data changed, 
and an increment in \; introduced according to the 
formula developed previously. In more realistic calcu- 
lations, afterburner blowout as a function of both 
altitude and air speed would be introduced, and in this 
case both \,; and \3 would be treated as discontinuous 
at the blowout point as discussed earlier. 

The effect of A/B blowout is indicated in Figs. 3 and 
4 where the dashed curves shown for comparison have 
been calculated assuming sustained afterburning thrust. 


The difference is seen to be small even for the higher 
altitude zoom, the increment in apogee height being 
of the order of hundreds of feet rather than thousands. 
It seems evident that loss of aiterburning would have 
greater effect on maneuvers intended to maintain alti- 
tude above the level flight envelope than it does on 
the short-term transient maneuvers presently under 
consideration. 


Effect of Time Restrictions 


Having thus located the A; range of interest in the 
time open case, it has been found relatively easy to 
proceed in steps to cases for JJ] ¥ 0. Zoom climb ceil- 
ings for various values of // are presented in Fig. 5. 
A typical history of a restricted time zoom is shown in 
Fig. 6. This particular maneuver involves relatively 
high maneuvering load factor, about 4g initially. 

Fig. 7 presents plots of kinetic energy at apogee for 
zooms to various altitudes as a function of total 
elapsed time. The reduction in final kinetic energy as 
the allotted time is reduced is seen to be gradual in the 
vicinity of the flat peaks at /J = 0. This indicates 
that the matter of timing is not a particularly sensitive 
one as far as performance penalty is concerned, unless 
the variation from the optimum allotted time is large. 

For purposes of presentation and discussion we have 
characterized the maneuvers as optimal in the sense of 
maximum speed or kinetic energy at the final point 
(apogee) with final altitude and time specified. We 
again call attention to the possibility of equivalent inter- 
pretations for the maneuvers as maximum altitude 
zooms for fixed final speed and time, or, for that matter, 
as minimum time zooms (if /7 # 0) to fixed final speed 
and altitude. 
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Comparison of Optimum and Arbitrary Zoom Techniques 


We have calculated for comparison a family of zoom 
maneuvers performed with load factor programs as 
sketched in the lower portion of Fig. 7. These have 
been called, for want of better terminology, piece- 
wise constant load factor zooms. The programs con- 
sist of load factor constant at two different levels with 
a step function type of behavior in transition. 

The results of these calculations are displayed in 
Fig. 5 by the coded points. The relatively mild 2g 
to Og program compares favorably with optimum 
program results. This is an indication that details of 
piloting technique are not of great importance where 
the elapsed time is in the vicinity of the optimum. 

The comparison is less favorable where time restric- 
tion requires larger maneuvering load factors, as shown 
by the 3g to —1lg points. These entail appreciably 
greater losses in kinetic energy than do optimum pro- 
grams for the same elapsed time. 

Fig. 8 presents a comparison of the optimum zoom 
ceiling with the vertical ascent solution of the simplified 
L = W theory. Also shown is the envelope of the 
2g—-O0g family of zooms. It is apparent that the simpli- 
fied theory overestimates the performance attainable 
by an appreciable margin. 

It may be concluded that performance losses in zoom 
climb maneuvers are not particularly sensitive to pilot- 
ing technique unless fairly severe restrictions on 
elapsed time are imposed. A corresponding study for a 
rocket-augmented interceptor would be of interest in 
regard to future work of this kind. 
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Thermal Buckling of Circular Cylindrical 
Shells Under Temperature 
Gradients’ 


DAVID ABIR* anp S. V. 


NARDO** 


Polytechnic Institute of Brooklyn 


Summary 


The thermal buckling of thin-walled circular cylindrical shells 
due to axial stresses caused by variations in temperature around 
the circumference is analyzed. This problem is of considerable 
importance in the structural design of high-speed airplanes and 
missiles, since they are subjected to high rates of aerodynamic 
heating. 

The analysis is performed with the aid of Donnell’s equations, 
which can be shown to be satisfactory for the problem under con- 
sideration. The variation of the thermal stress with the circum- 
ferential coordinate is represented by Fourier series; the stresses 
are assumed constant through the thickness and in the axial 
direction. 

The conclusion reached is that the axial buckling stress under 
variable thermal stress conditions is close to the critical stress of 
the cylinder when it is subjected to uniform axial compression, 
if the variation of the intensity of the thermal stress is not large 
within a half-wavelength of the buckling pattern. 


Symbols 
i» = radial deflection coefficient 
a = radius of median surface 
By = axial deflection coefficient 


c = buckling stress coefficient 


Cy = circumferential deflection coefficient 

E = Young's modulus of elasticity 

h = thickness of wall 

K = a constant defined by Eq. (5) 

L = length of shell 

M, = axial bending moment per unit of axial length 
m = number of half-waves along generator 

n = number of full waves around circumference 
R = a number (eigenvalue) 

} = 1/R 

s = a stress coefficient 

U = a ratio defined by Eq. (21) 

u* = axial displacement 

u = (=ux*/a) dimensionless axial displacement 


circumferential displacement 
(=v*/a) dimensionless circumferential displacement 
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w* = radial displacement 

w = (=w*/a) dimensionless radial displacement 
= axial coordinate 

x = (=x*/a) dimensionless axial distance 
i, P, gq = dummy symbols, subscripts, numbers 
a = a ratio defined by Eq. (27) 

im = (= L/a) dimensionless length of shell 
v = Poisson’s ratio 

Or = axial stress 

Cer = critical stress 

¢ = circumferential coordinate 

Vv? = Laplace’s operator 


Introduction and Conclusions 


AS THE BODIES of hypersonic airplanes and missiles 
are often thin circular or almost circular cylindri- 
cal shells, and because they are subjected to high rates 
of aerodynamic heating, the calculation of the struc- 
tural stability of thin circular cylindrical shells under 
thermal stresses has attained considerable importance 
in aeronautical engineering. Earlier investigations 
have shown that buckling is unlikely to occur when the 
temperature varies only in the radial direction or only 
in the axial direction. On the other hand, it was ex- 
pected that circumferential variations of the temper- 
ature would give rise to conditions similar to those 
existing in the flat or almost flat coverplates of wings 
which are known to buckle under thermal stresses. 
The purpose of the present investigation is to show that 
this expectation is correct. 

The analysis is carried out with the aid of Donnell’s 
equations which are accurate enough for engineering 
purposes when the wavelength of the buckled shape is 
smaller than the radius of the cylinder. This condition 
is usually satisfied in cylindrical shells of interest to the 
aircraft designer. The thermal stress is assumed to be 
constant through the wall thickness of the shell and in 
the axial direction. Its variation with the circumfer- 
ential coordinate is represented by Fourier series. 

The interesting conclusion reached in the analysis is 
that the critical value of the axial compressive stress 
under variable thermal stress conditions does not differ 
much from the critical stress of the cylinder when it is 
subjected to uniform axial compression, provided the 
variation of the intensity of the thermal stress within 
one-half wavelength is not large. This conclusion is 
plausible on physical grounds, but it is significant be- 


| 
= 
v 
¥ 


Fic. 1. Coordinates, displacements, and dimensions of shell. 


cause it permits the approximate evaluation of the 
critical condition without any lengthy calculation. 


Statement of the Problem 


The equilibrium conditions of the thin-walled circular 
cylindrical shell can be expressed by Donnell’s equa- 
tions! with sufficient accuracy for the present purpose. 
They are used here in the form given by Hoff :° 


Viw + 4K4(0'w/dx!) + 
= (1) 
Viu = v(0*w/dx*) — (08w/dx (2) 
Viv = (2 + v)(0*w/dx? Og) + (O*w/d¢*) (3) 


where o, is the axial stress; £, Young’s modulus of 
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elasticity; v, Poisson’s ratio; @, radius of the median 
surface of the shell; 4, thickness of the wall; L, length 
of the shell; x* and ¢g, coordinates shown in Fig. |; 
u*, v*, w*, displacements shown in Fig. | 
dimensionless distance and displacements, respectively, 
defined by 


K, a constant for a given shell, defined by 
4K4 = 12(1 — v?)(a/h)? (5) 


and VV’, Laplace’s operator, defined by 
V? = (07/dx”) + (07/d¢") 


The shell is assumed to be very long compared to the 
half-wavelength in the x direction. Variation of the 
axial stress around the circumference is assumed to be 
represented by the infinite series 


= Sp» COS (6) 


p=0 


where R is a number (an eigenvalue) to be evaluated 
for each loading case defined by specific values of the 
coefficients s,. Compressive stress is designated by a 
positive sign. 

The homogeneous boundary conditions that are to be 
satisfied by the solution are those corresponding to 


simple supports—namely, 


v9 =0 

w =0 

o, = [E/(1 — v?)]{(Ou/dx) + v[(d2, — 
M, = {Eh*/[12(1 — v®)a]} [0°w/dx? + 


Solution of the Differential Equations 
The deflection functions describing the buckling 
deformations and satisfying the boundary conditions 
(7) are represented by Fourier series: 


w = sin (mrx/p) A, cos ng (8) 
n=0 

u = cos (mrx/p) B,, cos ng (9) 
n=0 

v = sin (mrx/p) C, sin ng (10) 


n= 


where the coefficients A,, B,, C, are to be determined 
so as to satisfy the differential equations (1), (2), (3). 
wis the dimensionless ratio 
= L/a (11) 

m is the number of half-waves along the generator of 
the shell, and z is the number of full waves around the 
circumference. 

In order to satisfy Eq. (2), w and u are substituted 
from Eqs. (8) and (9) into Eq. (2). Solution for B, 
yields, in terms of A,, 


— 
+ n?]? 


A, (12) 


B,, 


x 
0°w/d¢")] = 


Similar manipulations carried out in connection with 
Eq. (3) give 


[n? + (2 + »)(ma 


4 13 
[(mm/u)? + n°]? 


C, = 


Somewhat lengthier manipulations are needed in 
order to satisfy Eq. (1). Two differentiations of the 
right-hand member of Eq. (8) with respect to x, fol- 
lowed by a multiplication by (¢,/) from Eq. (6), lead 
to 


(o,/E)(0?w/dx?) = —R(mm/y)*(sin max, uw) X 


A,s, cos ng cos pe 
n=0 p=0 


Through a simple trigonometric substitution this equa- 
tion becomes 


(Ow, = —(R/2)(mm/u)?(sin marx X 
A,S,|cos (n + + cos (n — (14) 
n=0 p=0 


The double infinite series of Eq. (14) can be put into 
the following more convenient form: 


(9, 


4K4 
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= —(R/2)(ma/p)? (sin X 


co q 
+ > + > ASe-1 + 
q=1 Li=0 


co 


> + Z, cos aet (15) 
1=@q 1=0 
It is by no means obvious that Eq. (15) follows from 
Eq. (14), inasmuch as quite a bit of mathematical 
manipulation is involved. The leading terms of Eqs. 
(14) and (15) can be written out and systematically 
arranged to show that Eq. (15) is indeed equivalent to 
Eq. (14). The intermediate steps, however, may be 
found in reference 3. 

Operation on this equation by V‘, and multiplication 
by 4K4, give 


E)(0?w/Ox?) = 
X 
[(mn/u)? + 9°]? 


q=1 
q 
A; + > A Si-g + 


7=0 i=0 


4K'V (0, 


The dummy symbol ‘‘g’”’ may be changed into ‘‘n’’ in 


this expression. Hence, 
= 


X 


n 


[(mm/u)? + | A + > Ajsi-n + 


n= 1 #=0 i=n 


| cos net (16) 

Differentiation of w in Eq. (8) yields 
4K4(04w/Ox4) = 


max/p) >> A, cosng (17) 


n=0 
and operation on Eq. (8) by V® gives 
+ n?]4A, cos ng 
(18) 


Eq. (1) is satisfied by substitution of the last three 
expressions, which leads to 


(sin max/u) > 


n=0 


Vu = 


(sin > [(ma/u)? + n?}4A, cosng + 


n=0 


(sin max/u) >> A, cos ng — 
n=0 


(sin mrx/p) Avs, + 


A + 


n=1 
Asi-» + DA = 0 


i=n 


Thus, 


This equation holds for every value of n. 
forn = 0, 


CIRCULAR CYLINDRICAL 


SHELLS 805 


(sin + 4K (sin mrx/p)Ao — 


(sin max (40s. + DA si) = 0 


(19a) 


and ior = 1, 2, @,; 


(sin max/u) [(mm/u)? + cos ng + 


n=1 


(sin mrx/u) >> A, cosng — 


n=1 


(sin max/p) + X 


Assit t+ Asie | cos ng = 0 
) 


1=( i=n 
(19b) 
Eqs. (19) are identities. Consequently, the sums 
of the multipliers of like trigonometric terms must 


vanish—i.e., 
Ay + 4K4Ay — X 


(40s, + = 0, (n = 0) 


and 


[(ma/p)? + A, + 4K A, — 


n 


7=0 7=0 
These two equations can be rearranged as follows: 
AoSo + As; = (mm )?/2K*) + 
7=0 
(n = 0) (20a) 
A Sn—1 + > A + A = 
:=6 7=0 
(2m = 1,2,..., ©) (20b) 
By introducing the notations 
U, = | [(mm/u)? + + 
+ (21) 
and r= 1/R (22) 
the conditions of equilibrium, Eqs. (20), become 
(Uor — so)Ao — = 0, (# = 0) (23a) 
i=0 
i=n 
Asian = 0, (n = 1,2,..., 0) (23b) 
i=0 
Eqs. (23) must hold for every value of nm. Their 


expansion over the range 7 = 0, 1, 2,..., ©, for each 
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value of n, 
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results in the following infinite set of linear homogeneous equations in the unknown deflection-coeffici- 


ents A;: 
n = 0: 2(Uor — 250)Ao — 251A1 — 2s2A2 — 253A; — 2ssAa — = 0} 
n=1: — 2siAo + (Uir — 2s0 — s2)A1 — + S2)As — (sz + — (ss + s5)As — = 0 
n= 2: — 2s2Ao — (s1 + + (Uer — 250 — ss)Ae — (Ss: + — (se + se)Aa — = 0 
n= 3: — 2ssAo — + — (Si + 5s) Az + (Us — 250 — — (si + 57)As — = 0, 9 
n=4 — (1 + s)As + (Uw — 250 — 5s)As — =0 (24) 


— 2ssAo —(s3 + $5)A1 — (se + s6)Ae 


The coefficients of A (7 = 0, 1, 2,... 


matrix: 
2(Uor — 250) — 2s, — 25 
— 2s, Ue — 
— User — 250 — 


©) in this infinite set of equations form the following infinite, symmetric, 


Ugr — 250 — — Sz 


For the infinite set of Eqs. (24) to have nontrivial solutions—i.e., in order for the unknown deflection-coe‘icients 


A, = 0,1, 2,. 


. , ©) to have values other than zero—the infinite determinant of the coefficients of A, must 


vanish. These coefficients are arranged in the matrix (25). Division by 2 of the first row and the first column 


yields 
— Ss Uer — 250 — 54 


To use the above criterion in a given problem, the 
coefficients characterizing the load, s,, are first inserted 
into Eq. (26). A specific integral value of m is chosen 
and the Ul, quantities are calculated. The deter- 
minant is truncated and evaluated, leading to an alge- 
braic equation in r. The degree of the equation de- 
pends, of course, on how the determinant is truncated. 
Solution of the equation yields 7 as a function of nm. Of 
interest is the root r which is a maximum inasmuch as 
r = 1/Rand Ris to be a minimum. This procedure 
must be repeated for other integral values of m until 
the maximum of all the maximum 7’s is obtained. 

This procedure, while straightforward in principle, 
can be long and laborious. A considerable simplifica- 
tion would be effected if the U,,’s could be assumed con- 
stant and equal, say, to U. Under these conditions, 
evaluation of the determinant would lead to an alge- 
braic equation in (Ur) and it is clear that maximum 
r would correspond to the minimum value of LU’ for the 
largest root Ur. 

If the cylinder is long, then m will be large compared 
ton. Thus, in Eq. (21), (mm/y)? is large compared to 
n*, If this is the case, the U,,’s will be very nearly 
equal and advantage can be taken of the simplification 
possible under these conditions. Hence, in the evalu- 


Usr — 259 — — =0 (26) 


ation of the critical load in any practical application, 
the maximum root Ur is obtained corresponding to 
specific s,’s, and the minimum UL’ substituted into the 
value of the root to obtain maximum r. 

U, can most easily be minimized by treating a func- 
tion of m and ” as a single parameter which is assumed 
to be continuous. By denoting 


a = + (27) 
Eq. (21) can be written 
OU, = (a/K*) + (1/a) 
O0U,/0a = (1/K*) — (1/a?) = 0 
a = K? (28) 


Substitution of Eq. (28) into Eq. (21) yields the mini- 
mum value of U,: 


U 2/K? (29) 


It is to be noted that minimum UL’ is a constant for a 
given shell geometry and material. It may also be of 
interest to note that if Eq. (28) is inserted into Eq. 
(27), the result, 
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[\(ma/u)? + = 2K? = 
(2a/h)[3(1 — v?)]* (30) 


is in agreement with the result from the classical treat- 
ment of the theory of shell instability (see reference 4, 
457). 

In the following sections the critical axial compres- 
sive stress is computed for a number of simple loading 
cases. The procedure loses its validity if the variation 
of the prescribed thermal stress and the geometry of the 
cylinder are such that U’, values must be taken into 
consideration for which x > mm/y. 


Uniform Axial Compression 


Under the conditions of uniform axial compressive 
stresses, 


so = 1 
sy = 0 when p # 0 (31) 
and from Eq. (6), 
co: = ER (32) 


Upon the substitution of Eq. (31) into the determinant 
(26), the following is obtained: 


\(1/2)(Uer — 2) 0 0 0 0 

| 0 (Uw — 2) 0 0 0 

0 0 (Ur — 2) 0 0 

| 0 0 0 (Uy — 2) 0 = 0 
| 0 0 0 0 


In this particular loading case, any one of the quan- 
tities on the principal diagonal may be set equal to zero. 
Thus, with the approximation that for large m, 


U=U= Uz=...=U 
y= 1/R = 2/U 
or Rain = Unin/2 
From Eq. (29) 
Rei = (2/K*/2 = (1/K*) (33) 


Substituting the above value of R,,,;, into Eq. (32), and 
recalling the definition of A [Eq. (5)], 


= [E/3(1 — v?)](h/a) (34) 


This result is the well-known solution for the critical 


(1/2)Ur -1 
Uir —1 
| 0 —] Uor 
0 0 —] 
| 


Ii the determinant is truncated so as to obtain a 2 by 
2 determinant, the resultant quadratic equation is 


(1/2)U%2 —1=0 
for U=U,=...=U 
and R = 1/r = U/V/2 
Rute = Unie! V2 (38) 


Thus, 


stress of a uniformly compressed circular cylinder 
from the classical treatment of shells (see reference 4, 
p. 457). The values of m and n are undetermined, 
but for the case of axisymmetric buckling, » = 0, the 
half-wavelength and the number of hali-waves m can 
easily be obtained from Eq. (30). 


Pure Bending 
The load coefficients in this case are 
when p + 1 (35) 


= 1, s, =0 


Eq. (6) becomes 
o, = ERcos¢ (36) 


and the stability determinant reduces to 


0 0 
0 0 
0 
Us ....|/=0 (37) 
—] 


When R,, in Unin/ 2, the maximum compressive 
stress in Eq. (36) will correspond to the critical stress 
for uniform axial compression. Hence, the above 
value for Rpin [Eq. (38)] corresponds to a maximum 
compressive stress which is approximately 40 per cent 
higher than that corresponding to the uniform axial 
compression critical stress. 


| 
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TABLE 1 
Order of Per cent above 
determinant Rais uniform compression case 
4 Umin/1.414 41 
3 15 
4 Umin/ 1.848 8 
5 Umin/1.902 5 


Taking a 3 by 3 determinant yields the result R,,,;, = 
U/VW3.- Calculations for fourth and fifth order de- 
terminants give values for of Umin/1.848 and 
Unin/ 1.902, respectively. These results are summa- 
rized in Table 1. 

It appears reasonable to conclude that as determi- 
nants of higher order are taken, the critical value of the 
maximum compressive stress in the case of pure bend- 
ing will approach approximately the critical stress for 
uniform axial compression. 


Other Cases of Loading 


In addition to the cases of loading corresponding to 
uniform axial compression and pure bending, a number 
of other cases of loading were also worked out, using the 
procedure outlined in the preceding section for pure 
bending. The additional cases of loading were the 


following: 

Sp = 0 when p # 2 

Sp = 0 when p ¥ 3 

Ss, =0 whenp>3 


(a) = 
(b) 53 = 


lAe 
(c) So = = = $3 = 1/4; 


The peripheral variation of axial stresses in cases (a) 
and (b) are self-equilibrating, while case (c) corre- 
sponds to a superposition of the uniform axial com- 
pression, pure bending, and cases (a) and (b). The 


TABLE 2 
Values of C for Various Cases of Loading * 


Order 
of Pure Case Case Case (c) 
deter- bend- (a) (b) combined loading 
minant ing Ss. = 1 533 = So = 8} = So = S3 = 1/4 
2 0.707 1.00 1.00 
3 0.577 0.707 1.00 0.707 
4 0.541 0.610 0.707 0.620 
5 0.525 0.561 0.707 0.575 


*C = 0.5 for uniform axial compression. 
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values of the load coefficients in (c) were intentionally 
chosen to give a sum total of 1.0 in order that the results 
could be compared with the case of uniform axial 
compression. 

In Table 2, the results of all the loading cases worked 
out in this paper are summarized. The results are 
presented in a manner that allows an easy comparison 
with the case of uniform axial compression. In the 
table, the values of a critical stress coefficient, C, 
are given for the various loading cases and for orders 
of determinants ranging from 2 to 5. The coefficient 
C is defined as 


= CU nts (39) 


It will be recalled that for the case of uniform axial 
compression a value of R,,;, equal to L’,,;,/2 led to the 
classical result for the buckling of a circular thin-walled 
cylinder [Eq. (34)]. Thus, the coefficient C in this 
case is 0.5. 

For the cases of loading shown in Table 2, it is seen 
that as the approximation to the stability determinant 
is improved—i.e., as determinants of higher order are 
taken—the critical value of the maximum compressive 
stress gets closer to the critical value for the case of 
uniform axial compression. It appears plausible, 
therefore, to conclude for practical applications that 
the critical value of a thermal and/or applied axial 
stress distribution around the periphery of a long thin- 
walled circular cylinder can be assumed to be reached 
when the maximum compressive stress is equal to the 
critical stress in uniform axial compression, provided 
that the intensity of the stress variation over one-half 
wavelength is not large. 
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Heat Transfer to Separated and Reattached 
Subsonic Turbulent Flows Obtained 


Downstream of a Surface Step’ 


R. A. SEBAN,* A. EMERY,** anp A. LEVY ** 


University of California at Berkeley 


Summary 


Local heat-transfer coefficients and recovery factors are pre- 
sented for separated and reattached turbulent flows as obtained 
by a downward step in an otherwise flat surface in a two-dimen- 
sional, subsonic, air flow. The region downstream of the step, 
the focus of this investigation, contained a region of separated 
flow with reattachment at about five step heights downstream, 
followed by a section of reattached flow. The salient feature of 
the results is the maximum in the local heat-transfer coefficient 
at the reattachment point, with values thereof diminishing in the 
separated region and also in the reattached region, where they 
tend toward values characteristic of turbulent boundary-layer 
flow. It is found that for most of the region the heat-transfer 
coefficient depends on the velocity to about the 0.8 power, though 
a decreased dependence may exist in the separated region. Re- 
covery factors have the characteristically low values associated 
with separated flows, and do not attain values typical of turbu- 
lent boundary-layer flows within the downstream lengths avail- 


able. 
Symbols 
Cp = specific heat at constant pressure 
d = step height 
h = local heat-transfer coefficient 
k = thermal conductivity 
L = length dimension, used here as unit length 
q = heat flux 
s = distance between separation and reattachment 
T = temperature 
To = wall temperature 
Tq = adiabatic wall temperature 
7, = free-stream temperature 
T; = stagnation temperature 
u = velocity 
u, = free-stream velocity 
Uq = reference velocity 


“is = free-stream velocity just upstream of step 
free-stream velocity downstream of reattachment 


= 

x = distance downstream from leading edge 

x’ = distance downstream from step 

x” = distance downstream from reattachment point 
vy = kinematic viscosity 
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Introduction 


= PURPOSE of this paper is to exhibit certain ex- 
perimental results for the local heat-transfer 
coefficient and the recovery factor for separated and 
reattached boundary-layer flows which are two-dimen- 
sional, subsonic, and primarily turbulent. For a flow 
so complicated and so marginally amenable to theo- 
retical consideration, these results are insufficient for a 
comprehensive specification of the heat transfer in such 
regions, but rather they are intended to give an initial 
exposition of the heat-transfer performance, which 
does in fact lead to some preliminary generalizations 
which agree with what is known about the flow. 

Attainment of the flows for which the heat-transfer 
results are here reported was made through the use of 
a downward step in the surface upon which a boundary 
layer had been formed, with a sufficient continuation 
of the surface in the downstream direction to enable a 
reattachment of the flow. The “separation” thus 
achieved is not that connoted by the usual boundary- 
layer theory, but, when the length of the separated flow 
is large compared to the initial boundary-layer thick- 
ness, the distinction is likely not to be of critical im- 
portance in so far as the characteristics of the separated 
region are concerned. Greater influence is expected 
from the form of the closed streamline region, delineated 
by the solid surface and a zero streamline within the 
viscid layer, so that some geometrical similarity ap- 
pears to be prerequisite to any extrapolation of these 
results. For this reason some additional results that 
were obtained by securing separation by means of a 
rod spanning a plate are presented separately in the 
Appendix. 

The region interior to separated and reattached flows 
of this type has often received the appelation of a 
“dead water’’ region to indicate the more or less quies- 
cent conditions from which there is a minimal tractive 
effect on the external separated flow. It is known 
experimentally, however, from results of mean speed 
surveys, such as those of Arie and Rouse! and Hsu,’ 
that this inner region contains a circulatory flow which 
appears to be steady and which near the surface pro- 
vides an upstream velocity of the order of 1/5 the 
free-stream velocity. Similar findings were obtained 
from the systems for which the heat-transfer results 
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Fic. 1. Elevation of the models with the large and small steps. 


are reported here. Upon reattachment, caused by the 
interactive influences of the broadening of the sepa- 
rated flow and the potential motion, the boundary-layer 
flow begins a redevelopment which leads ultimately to 
distributions of the mean speed and turbulent energy 
which are characteristic of an undistorted turbulent 
boundary-layer flow. A length of many boundary- 
layer thicknesses is required for this redevelopment, 
and it was not attained in the downstream distances 
available in the experimental arrangements from which 
the results presented here were derived. 


Experimental Technique 


The models from which the results were obtained 
were each mounted centrally in and spanning the 6 in. 
width of the 6 in. by 9 in. closed test section of a wind 
tunnel. They were made of bakelite, being heated 
by means of electric current passing through nichrome 
ribbons, 0.002 in. thick and 1 in. wide, affixed to the 
model surface with lengthwise dimension parallel to 
that of the flow. Small spaces between the ribbons 
were provided for the location of pressure taps, and 
thermocouples mounted immediately below the rib- 
bons were used for the indication of ribbon temper- 
ature. Ribbons were placed on both sides of the model 
to provide symmetrical thermal as well as hydrody- 
namic conditions. 

One model provided a 0.25-in. downward step in its 
surface, and this was achieved by the modification of a 
flat plate model that has been described previously in 
the report of other results.° 1/4-in. thick brass plates 
were placed on the surfaces, with a modified nose 
section to accommodate the greater thickness, and this 
provided the configuration shown on Fig. 1. In this re- 
vision the pressure taps were continued through the 
plates to the surface and the plates were electrically 
insulated from the ribbons. The addition of the 
plates, of course, provided a path of longitudinal con- 
duction for the heat generated in the ribbons and con- 
sequently this generation could no longer be specif- 
ically associated with a flux to the boundary-layer 
flow. 

A larger step, 0.81 in. in height, was provided with 
the other model shown on Fig. 1. This combined two 
parts, a half elliptical cylinder and a flat plate, with the 
latter mounted downstream to provide the step in the 
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surface. The plate, 0.375 in. thick and 12 in. long, was 
completely instrumented with surface ribbons, thermo- 
couples, and pressure taps. The cylindrical section 
was unheated and contained only pressure taps. 

Observations were made at various air speeds from 
150 to 500 ft./sec., with stagnation pressures near 
atmospheric and stagnation temperatures of the order 
of 90°F. Without heating, adiabatic wall temper- 
atures were observed. With heating, to give temper- 
ature differences of the order of 20°F. between surface 
and stagnation, the observed heat generation and sur- 
face temperature enabled the ultimate evaluation of 
the local heat-transfer coefficient. 

As presented here the recovery factors are defined 
in terms of the local free-stream velocity as deduced 
from the pressure tap indications, 


r=1— — Ta)/(t:?/2c,)] 
The local heat-transfer coefficient is 
h = q/(T — T,) 


As presented here these quantities were evaluated di- 
rectly from observation. Recovery factors are given 
only for air speeds greater than 350 ft./sec.; for which 
the error in that quantity is estimated to be less than 
2 per cent. The error in the heat-transfer coefficient 
depends more critically on location and air speed; for 
the results presented the error does not exceed 5 per 
cent. 

In addition to these observations, mean speed sur- 
veys were made in the boundary layer at various 
points along the model. These are portrayed else- 
where* ‘ and they constitute the basis for the various 
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Fic. 2. Results obtained with the 0.8l-in. step. The ref- 
erence velocity, “a, here is the upstream velocity, and the values 
in ft./sec., are shown on the Figure to identify the points. 
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HEAT TRANSFER TO SEPARATED AND REATTACHED FLOWS 


remarks concerning the flow in this presentation, which 
is devoted primarily to the heat-transfer characteristics 
of this type ot flow system. 


Results for the 0.81-In. Step 


With this model, heat-transfer coefficients and re- 
covery factors were obtained only in the region down- 
stream of the step, while surface pressure determi- 
nations to free-stream velocity values were obtained 
in both the upstream and downstream regions. These 
results are shown on Fig. 2, as a function of the dis- 
tance downstream from the stagnation point on the 
cylinder which is a convenient specification of dis- 
tance rather than one of primary importance. Passing 
the step, it measures downstream distance and the 
height of the step is not included in it. Shown also 
on the Figure is the distance, x’, downstream of the 
step, and this is made nondimensional in terms of the 
step height. As reference velocity for the free-stream 
velocity distribution the velocity upstream of the model 
is used, while in the representation of the heat-transfer 
coefficient the reference velocity is taken as that just 
upstream of the step. 

The values of the local free-stream velocity are indi- 
cated by Fig. 2 to be almost constant just upstream of 
the step. Passing the step, there is a slight acceler- 
ation, followed by a decrease of the velocity to the mini- 
mum value which is attained near the reattachment 
point. Thereafter there exists an almost constant 
free-stream velocity. 

Heat-transfer coefficients are shown in terms of the 
group which correlates such coefficients for turbulent 
boundary-layer flow, and the 0.8 power dependence on 
the velocity does exist, particularly in the downstream 
region. A maximum in the coefficient occurs at about 
five step heights downstream, and this is the region in 
which the separated flow is reattached to the surface. 
There and in the separated region an improved correla- 
tion would be obtained by using a power of less than 
0.8 on the velocity but the result as exhibited is not 
inferior in view of the range of velocities involved. 

Recovery factors have a magnitude of the order of 
(0.80, substantially below the value of 0.89 that is typi- 
cal of a turbulent boundary-layer flow of air. There is 
no marked change as the reattachment point is passed, 
and the results that follow indicate that on this model 
the downstream distance was insufficient for the realiz- 
ation of a significant increase in the recovery factor. 


Results for the 0.25-In. Step 


Fig. 3 shows the results obtained from the model with 
the (.25-in. step, the form of the representation being 
the same as that of Fig. 2, but with the reference ve- 
locity taken at the station at x = ().67 ft., this being 
used both for the representation of the free-stream ve- 
locity and the heat-transfer coefficient. 

With this small step, as realized by the attachment 
of brass plates to the flat plate model, temperature 
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Fic. 3. Results obtained with the 0.25-in. step. The ref- 
erence velocity, “a, here is the local velocity of the plate at a 
distance of x = 0.67 ft. from the leading edge, and the values, 
in ft./sec., are given on the Figure to identify the points. The 
heavy vertical line indicates the position of the step. 


measurements were made below the ribbons in the up- 
stream section. From those indications and from the 
heat dissipation in the ribbon heat-transfer coefficients 
were evaluated as though the heat generated had passed 
out normally to the boundary layer. Because of longi- 
tudinal conduction in the brass this was not true, and, 
hence, the indicated coefficients are erroneous. Conse- 
quently only two sets of such apparent heat-transfer 
coefficients are shown in that region. These may be 
explained by accounting for the conductivity of the 
brass and, in addition, assuming a fixed transition point 
near x = (0.30 ft. This assumption is admittedly some- 
what unrealistic and may provide a correction for effects 
actually of different origin, as might be produced by a 
variable contact resistance between the brass, the paper 
insulation, and the ribbon at the contact surface. 
There was also an apparently greater heat conduction 
to the tunnel side walls in the forward region, account- 
ing for the variable behavior of the recovery factor 
there. 

The important results are those obtained for the re- 
gion downstream of the step, and these are, in general, 
similar to those obtained with the larger step. Reat- 
tachment appears to occur at about six step heights 
according to the evidence of the heat-transfer per- 
formance shown on Fig. 3 and the indication of mean 
speed surveys. Within the separated region the cor- 
relation of heat-transfer coefficients again applies fairly 
well, though on first inspection the reduction in the 
coefficients does not appear to be as great as existed 
with the larger step. Later examination shows, how- 
ever, that the two sets of results do correspond. Down- 
stream of reattachment the correlation of coefficients 
improves continually as the flow becomes more like 
that of an undisturbed turbulent bourdary layer. 
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the abscissa is the distance, s, from the step to the estimated 
point of reattachment, being five and six step heights for the large 
and small steps, respectively. Here the reference velocity for 
the heat-transfer coefficient is the velocity just upstream of the 
step. Free-stream velocities have been normalized in terms of 
this velocity and the velocity further downstream. 


This approach is closer with the smaller step because 
of the relatively greater downstream distance in num- 
ber of step heights that existed with this model. This 
effect is also apparent in the results for the recovery 
factor, which in this case shows an increase after flow 
reattachment, though the increase is gradual and the 
value of 0.89 typical of turbulent boundary-layer flow 
is never attained. 


The Region of Separated Flow 


Even a cursory examination of the results of Figs. 2 
and 3 reveals similarities in the regions of separated 
flow, and the immediate quest is for a representation 
in which the similarity will be emphasized. Theoretical 
considerations are not yet well founded enough for such 
an indication, and the guides must be empirical. A 
dimensionless distance, in measures of step height, 
suggests itself, and it will, in fact, serve to show some 
similarity, but a representation of that kind indicates 
also that a measure in proportion to the distance to the 
reattachment point is even more appropriate. Despite 
the partial uncertainty in the location of that point, 
this has been made the basis of Fig. 4, with the dis- 
tance to reattachment taken as five step heights for the 
larger step and six heights for the smaller. On this 
Figure the distributions of free-stream velocity have 
been altered to a form providing coincidence at the step 
and at large distances downstream, and the velocity in 
the heat-transfer correlation is taken as that at the 
step. For clarity, the number of the results presented 
has been reduced to those for the highest and lowest 
speeds for the large and the small step, respectively. 

Fig. 4 emphasizes the similarity in the free-stream 
velocity distribution, which differs for the two situa- 


tions only near the reattachment point, where for the 
small step the velocities were slightly lower than those 
ultimately attained downstream. It is significant 
that the major part of the separated region is at almost 
constant pressure, as indicated both by the results 
that are shown and those obtained by static tube sur- 
veys made normal to the surface. 

The results for the local heat-transfer coefficient, 
shown here with a reference velocity corresponding to 
that just upstream of the step, again show the relative 
inferiority of the 0.8 power correlation. For the larger 
step, it is clear that no single power law will suffice for 
the entire separated region, though a lower power would 
improve the correlation somewhat. Average values of 
the coefficient, for the entire separated region, depend 
on the velocity to about the 0.60 power. For the 
present, however, the 0.8 power may be considered to 
provide a degree of correspondence adequate with 
respect to the novelty of the results. New in this sense 
is the similarity of the local coefficients in the repre- 
sentation of the Figure, and their consistent trend from 
the maximum value near reattachment to reduced values 
as the step is approached, the reduction being twofold 
in the short distance involved. 

While no theory for the prediction of local coeffi- 
cients of heat transfer in the separated region exists, 
Chapman indicated how average values might be ob- 
tained by using his theory for separated laminar flows. 
He extended this to turbulent flows to indicate that the 
average heat-transfer coefficient might be much greater 
than that for a turbulent boundary-layer flow of the 
same longitudinal extent as that of the separated re- 
gion. Conversely, the experimental results reveal that 
the heat transfer in the separated region is much less. 

In the region of separated flow there is scarcely any 
discriminatory behavior of the recovery factor within 
the possible errors of measurement in the quantity, 
though with the larger step there is a slow rise toward 
the reattachment point. A magnitude of about 0.78 
to 0.80 is typical, and this is characteristic of what has 
been found for other separated and reattached flows, 
as in the case of the rod on the plate, for which the re- 
sults are presented in the Appendix; at the back of a 
cylinder equipped with a downstream splitter plate;’ 
and for very much smaller separation by Seban* behind 
wires, and by Brinich® behind small roughness elements 
in supersonic flow. 


The Reattached Region 


After reattachment, the mean speed distribution in 
the boundary layer gradually returns to a profile typical 
of turbulent boundary-layer flow. Ina relatively short 


distance it takes the form of a power law, of exponent 
greater than 1/7, and with increasing distance down- 
stream this exponent diminishes slowly toward the 
value appropriate to the Reynolds Number involved. 
Klebanoff and Diehl’ have shown that this requires a 
long downstream distance and have shown also that 
the small changes in mean speed distribution that 
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occur make this profile a poor index of the completeness 
of flow redevelopment. In the present experimental 
models the distances downstream from reattachment 
were short, about six step heights for the larger step 
and 35 for the small step, and these were far too short 
for redevelopment, although after about 20 step heights 
power law profiles were attained. 

The recovery factor itself indicates the unbalanced 
energy distribution in the flow. As shown particularly 
on Fig. 3, the recovery factor varies little within about 
six or seven step heights downstream of reattachment 
and thereafter begins a gradual increase, but even in the 
35 step heights available with the model having the 
small step a value of only 0.845 was attained. This 
indicates that a substantially greater downstream dis- 
tance is needed for the realization of the value of 0.89 
typical of a fully developed turbulent boundary layer. 

Examination of the heat-transfer coefficient indicates 
a reduced sensitivity to the degree of flow development, 
and, to indicate this, the values of the coefficient are 
shown on Fig. 5 in terms of the distance downstream of 
the estimated point of reattachment. In this case, the 
reference velocity is taken as that in the downstream 
region, rather than that at the step which was used in 
the conditions in the separated region as given in Fig. 4. 
For comparison with the results for the large step, 
two predicted values for a turbulent boundary layer 
are shown, one for heating beginning at the reattach- 
ment point and the other for heating beginning at the 
step, as it actually did. Near reattachment the points 
are nearer the former curve, but near the end of the 
test section, at six step heights downstream of reat- 
tachment, they are also only 5 per cent above the latter 
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Fic. 5. Heat transfer in the reattached region. The abscissa 
is the distance downstream from the estimated reattachment 
point, and the reference velocity is that of the downstream region. 
The curves are the Colburn equation 


hx/k = 0.030 (v/a)? 


based on various origins for x. 

(a) For the large step with origin at reattachment. 

(b) For the large step with origin at the step, where heating 
did begin. 

(c) For the small step with origin at the point where heating 
did begin. 

The numbers near the points for the results are the number of 
step heights downstream of the reattachment point. 


u,/ug 
oO 


@ 
T 


D> 


(hL/k Mv x 10° 
w 
ro) ro) 
ij 
j 
32) 


¥* 
0.7 Gut 
02 O04 08 1.2 1.4 16 


Fic. 6. Results obtained with a 0.125-in. rod on a flat plate. 
The reference velocity, wa, in ft./sec., is that at x = 0.40 ft. 
Curve a indicates the heat-transfer performance obtained with- 
out the rod. Line b indicates the magnitude of the cube root 
of the Prandtl Number. The position of the rod at x = 0.59 
ft. is indicated by the heavy vertical line on the Figure. 


prediction, and the trend is toward it. For the small 
step, only the prediction made for the actual heated 
length is shown and the relation of the experimental 
values to it is the same, but the approach is less rapid 
than with the small step, being within 5 per cent at 
about 17 step heights downstream. This is rather 
the reverse of expectation, in that the heat-transfer 
coefficient would approach the value for a turbulent 
boundary layer either more rapidly for the small step 
or, possibly, in the same way in both cases. The 
salient feature is, however, not so much the degree of 
approach but the closeness thereof, as indicative of the 
reduced sensitivity of the heat-transfer coefficient to 
the exact nature of the attached flow. 


Conclusion 


As indicated at first, it is the intent of this paper to 
demonstrate the character of the local heat transfer 
in regions of turbulent separated and reattached bound- 
ary-layer flow. This has been done by the use of ex- 
perimental results from two models having backward 
facing steps and, while they certainly do pertain only 
to systems of this general kind of geometry, certain 
general features are apparent. 

The 0.8 power dependence of the heat-transfer coeffi- 
cient on the velocity is maintained to some degree in 
the entire downstream region. A maximum in the 
heat-transfer coefficient at the reattachment point is a 
characteristic feature of all the results, as is the decrease 
in the heat-transfer coefficient as the separation point 
is approached from downstream. 

The local recovery factor is of the order of 0.80 in the 
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entire separated region, a value that seems to some ex- 
tent to be characteristic of separated flows. After 
reattachment there is a slow increase and it appears 
that a very long downstream distance is required for the 
return to equilibrium conditions that result in the value 
of about 0.89, typical of a turbulent boundary-layer 
flow. 


Appendix 


In connection with showing the experimental results 
attained with the steps it is relevant to consider certain 
additional results obtained with the plate before its 
modification for the realization of the small step. By 
placing a bakelite rod 0.125 in. in diameter upon the 
surface of the plate at a distance of 0.59 ft. from the 
leading edge, a separated and reattached flow was ob- 
tained, with separation occurring at a very short dis- 
tance upstream of the cylinder. In this location the 
interval between instrument locations was greater so 
that less detail was obtained in the separated region, 
but the downstream distance available was almost 100 
rod diameters. 

Fig. 6 shows the results in the form used for the re- 
sults for the steps. General similarity is indicated, 
though there are some differing features. If the maxi- 
mum in the heat-transfer coefficient is taken to indicate 
the reattachment point, then this was at (0.75 ft., or 
about 15 rod diameters, and at that point the coefficient 
is about 50 per cent above the value predicted for a 
turbulent boundary layer with the same heated length. 
Also, the return to the prediction is slower, with a final 
difference of 20 per cent at the end of the plate, exceed- 
ing substantially what was found with the step. This 
may be an inference of proportionately greater flow 
disturbance with the rod, though the mean speed pro- 
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files in the boundary layer showed nothing definitive in 
this regard. 

The recovery factor magnitudes show also a reduced 
rate of return toward the ‘fully developed value,” 
reaching only 0.85 at 100 diameters downstream, and 
showing also a minimum downstream of the reattach- 
ment point. With the rod, the immediate downstream 
values are like those of the step but after reattachment 
there is a further decrease to a minimum of 0.76. 
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Viscous Hypersonic Similitude’ 


WALLACE D. HAYES* ann RONALD F. PROBSTEIN** 


Princeton Unwersity and Brown University 


Summary 


An extension of classical hypersonic similitude is developed 
which takes into account the interaction effect of the displace- 
ment thickness of the boundary layer. A basic result of this 
viscous similitude is that the total drag including frictional drag 
obeys the classical similarity law for the pressure drag. Addi- 
tional similarity conditions governing viscous effects must be 
imposed in this similitude. 

Underlying the similitude is a new hypersonic boundary-layer 
independence principle. According to this principle, the prin- 
cipal part of a hypersonic boundary layer with given pressure 
and wall temperature distributions and free-stream total en- 
thalpy is independent of the (high) external Mach Number dis- 
tribution outside the boundary layer. 

Various features of viscous hypersonic similitudes are dis- 
cussed. It is found, for example, that it applies to three-dimen- 
sional boundary-layer interaction effects on flat bodies, provided 
the concepts of strip theory may be applied, and provided the 
aspect ratio is an invariant. 


Symbols 
a = speed of sound 
c = chord of body 
ts = specific heat at constant pressure 
= wl ly, 
C; = skin-friction coefficient 
Cp = drag coefficient 
c, = pressure coefficient 
C,, Cg = heat-transfer coefficients 
Cr = lift coefficient 
f = dimensionless stream function 
g = total enthalpy ratio 
h = enthalpy 
H = h + (1/2)u?, total enthalpy 
k = heat-conduction coefficient 
K = M..r, basic similitude parameter 
Pp = pressure 
gq = local heat-transfer rate 
Q = total heat-transfer rate 
ry = radius of body of revolution 
KR = gas constant 
s = viscosity dependence exponent 


ii = absolute temperature 


To = stagnation temperature 
u,v,’ = velocity components 

U = free-stream velocity 

x, ¥, = coordinates 

a = angle of attack 
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= isentropic exponent for perfect gas 


boundary-layer total thickness 


& 


* 


= boundary-layer displacement thickness 

= shock layer thickness 

= dimensionless Howarth-Dorodnitsyn variable 
= mean free path 

= viscosity coefficient 

= density 

= shear stress 

= thickness ratio 

= dimensionless distance along boundary layer 
= C/V Req, interaction parameter 
Prandtl Number 

puc/p, Reynolds Number 

q/pu(h, — h,), Stanton Number 

= aspect ratio 


ys 


Subscripts 


= free stream 

body or wall 

shock 

outside the boundary layer 


(1) Introduction 


 Bipece'gg hypersonic similitude, the first theory of 
which was given by Tsien,' is exclusively con- 
cerned with the flow of an inviscid fluid. It has long 
been appreciated that viscous interaction effects are 
very important in hypersonic flows on slender bodies, 
and that their neglect imposes a severe limitation on 
the application of the classical similitude. The pur- 
pose of this paper is to present appropriate similitude 
laws for steady hypersonic flow on slender bodies with 
viscous interaction effects taken into account. 

The present work stems from a joint undertaking of 
the authors? in preparing a book on hypersonic flow 
theory. The book includes treatments of the hyper- 
sonic boundary layer and of interaction effects (besides 
the classical similitude), and, to a large extent, the 
present results are constructed directly from results 
given in the book. 

An immediate consequence of the equivalence prin- 
ciple given by Hayes’ is that hypersonic similitude has 
a great generality and is applicable to fluids obeying 
general equations of state and to general three-dimen- 
sional bodies. In viscous hypersonic similitude, most 
of this generality is lost. Additional assumptions 
must be made—e.g., that the fluid is a perfect gas— 
including assumptions on the dependence of the vis- 
cosity on the temperature. And a three-dimensional 
form of the similitude is only available in case the 
concept of strip theory in the inviscid flow is applicable. 
Laminar boundary-layer theory is assumed to apply; 
this assumption is a realistic one under flight condi- 
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tions for which hypersonic interaction effects are im- 
portant. 

The basic requirement that we impose on this vis- 
cous similitude is that the ratio of displacement thick- 
ness of the boundary layer to body thickness be fixed 
in the similitude. Thus, the emphasis here is on inter- 
action effects in which the existence of the boundary 
layer has an appreciable influence on the pressure dis- 
tribution. Another quantity which must be fixed in 
the similitude is the ratio of body temperature to stag- 
nation temperature. The body temperature is a 
fundamental parameter in all hypersonic flows in which 
real-fluid effects are involved. 


(2) Mach Number Independence Principle 


A basic principle in hypersonic flow theory, given as 
a similitude by Oswatitsch‘ in the case of a perfect gas, 
is the principle that a limiting solution is obtained in a 
suitable limiting process in which the free-stream Mach 
Number J. is made to approach infinity. For a 
general fluid, the free-stream density p. and the 
velocity U of the undisturbed flow must be fixed, and 
the quantities @., 7, and approach zero in 
the limiting process. If J/.. is sufficiently large, the 
solution behind the bow shock wave becomes inde- 
pendent of .., and hence of p.. or 7’... 

The authors’ point of view is that this principle should 
not be considered as a similitude, and is, in fact, more 
than a similitude. The flow field in front of the bow 
shock is not a part of the flow field of interest, and two 
flows with different sufficiently high values of J/.. are 
not merely similar but are essentially identical. 

The pertinent point here is that this Mach Number 
independence principle applied with p.. and U fixed in a 
given fluid applies to all real fluid effects, including not 
only viscosity and heat conduction but also relaxation, 
diffusion, and rarefied gas effects. Of course, if the 
principle were to be interpreted as a similitude, a vis- 
cous hypersonic similitude would be obtained. 

With a perfect gas of constant isentropic exponent 
y, the self-similar properties of the fluid permit us to 
relax the requirement that p. and LU be fixed, pro- 
vided the gas is inviscid. The similarity thereby ob- 
tained is essentially the dimensional similarity always 
obtainable with an inviscid perfect gas of constant y. 


(3) Hypersonic Similitude 


Following the equivalence principle for hypersonic 
similitude on a family of affinely related slender bodies 
of characteristic thickness ratio 7 in a general fluid, it is 
necessary that the quantities p., U7, and p. be fixed 
and that both 7 and /..~' be small. For the Mach 
Number independence principle to hold J/.,7 must 
ke very large, and the dependence on ». may be 
dropped. With a flat or quasi-cylindrical body 7/M@ 
must be fixed, where At is the aspect ratio of the body; 
and any quantity such as a/r, where a is the angle of 
attack, must be fixed. 
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If, with a flat or quasi-cylindrical body, the quantity 
7/& is small, so that r?/AM* may be neglected in com- 
parison with one, the flow field may be calculated strip- 
wise, and the concept of strip theory applies. In this 
case, the dependence on the parameter 7’-R in the 
similitude may be dropped. We shall be considering 
primarily two-dimensional and axisymmetric bodies, 
for which this parameter does not enter. 

For a perfect gas of constant isentropic exponent y, 
the results of the similitude may be expressed in dimen- 
sionless form. For a family of affinely related bodies 
of thickness ratio 7 in two-dimensional flow, the pres- 
sure coefficient C, may be expressed 


C, = (p — po) /(1/2)p.U? = (x/c, y/c; K, 7) 
(3-1) 


where K is the basic similitude parameter defined as 
K = Mar (3-2) 


The essential feature of the similitude is the reduction 
of the dependence of C, on /., and 7 separately to a 
dependence of C,/r? on the single parameter K. 

An important feature of inviscid hypersonic flows 
on slender bodies is that they are locally hypersonic. 
The local Mach Number may be much smaller than M/ . 
but it is always of the order of /.. or 7~', whichever is 
smaller. Since we require that + be small, the local 
Mach Number must everywhere be large. The im- 
portance of this fact here is that the Mach Number 
AM, just outside the boundary layer must be large. 


(4) The Hypersonic Boundary Layer 


When the flow in the inviscid flow field just outside 
a boundary layer is hypersonic, the boundary layer has 
certain special properties which characterize it. The 
material within the boundary layer is very much hotter 
and, consequently, at a much lower density than the 
material outside the boundary layer. While the dis- 
placement thickness of the boundary layer is of the 
same order of magnitude as the overall thickness, the 
difference between the two, the momentum thickness, 
and the enthalpy defect thickness, are all much thinner. 
In addition, the viscosity variation with temperature 
at the relatively much lower temperatures in and near 
external flow conditions is unimportant. Typical 
velocity, density, and mass-flow profiles are sketched 
for an insulated body in Fig. 1, and for a highly cooled 
body in Fig. 2. 

The boundary-layer equations in two-dimensional 
or axisymmetric steady flow may be written as 


(Opur,’/Ox) + (Opur,’/dy) = (4-la) 


pu(Ou/Ox) + pu(Ou/Oy) = pst3(dus/dx) + 
(0/Oy) [u(Ow/Oy)] (4-1b) 


pu(0H/dx) + pv(dH/dy) = 
(0/dy) {(u/Pr)(OH/dy) + 
ull — (1/Pr)][0(1/2)u2/dy]} 
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Fic. 1. Typical hypersonic boundary-layer profiles for an 
insulated body. 


Here j = 0 in two-dimensional flow, 7 = 1 in axisym- 
metric flow, 7,(x) is the cylindrical radius from the axis 
of symmetry in the latter case, and // is the total en- 
thalpy equal to h + (1/2)u?. The transformation 


E(x) = (4-2a) 
0 


n= (usr? pdy (4-2b) 
0 


j= (u/us)dy (4-2c) 
0 

g = (4-2d) 

N = pu/ prs (4-2e) 


changes the boundary-layer equations into the form 


(Nfon)n + + 2(d In In €)[(p5/p) — f,7] = 


[(N/Pr) + + (us?/Hs) — (/Pr) = 


with subscripts indicating partial differentiation. This 
transformation combines the Mangler and Howarth- 
Dorodnitsyn transformations. 

At this point, we make the assumption that the fluid 
is a perfect gas of constant y so that we may replace 
p;/p by h/h; in Eq. (4-3). The easily proved identity 


(h/hs) — f,? = (Hs/hs)(g — f,”) (4-5) 
permits us to write Eq. (4-3) in the form 
(Nf), + + B(8 — fn?) = — Felon) (4-6) 
with 
B(x) = B(E) = Inu;/diné) (4-7) 


The substitution of Eq. (4-5) has the same effect as 
does the Stewartson-Illingworth transformation. 

For a boundary layer in which the external flow is 
hypersonic, h; < H;, and (1/2)u;? = H;. With this ap- 
proximation, we may write in place of Eq. (4-4) 


[(N/Pr) gy], + + 2{NUL = 
— (4-8) 


The usual boundary conditions for Eq. (4-3) or 
(4-6) and Eq. (4-4) or (4-8) are 


pu 
Pas 


HIGHLY COOLED 


Fic. 2. Typical hypersonic boundary-layer profiles for a highly 


cooled body. 


f(0, —) = f,(0, = 0, g(O, = g(&) (4-9a) 
f,>l, asn>o (4-9b) 


These are expressed for a given temperature distribu- 
tion on the body. If the heat transfer is specified, 
the condition on g(0, &) is replaced by one on g,(0, &). 

Application of the perfect gas laws and the hyper- 
sonic approximations to Eq. (4-7) gives us the hyper- 
sonic formula for 8 


B= —[(y — 1)/7] X 


(f pl, pits | wi pine dx) ( 4-10) 
0 


It should be noted that 8, as given by Eq. (4-10), is 
homogeneous of degree zero in the quantities p, 7, 
and yw,7,~', and also in the independent variable x. 
These facts will be needed in establishing a viscous 
similitude. We may also note that the differential 
quantity d In & has the same properties. 

It is assumed that the viscosity is a function of tem- 
perature alone. The ratio of temperature to external 
stagnation temperature is equal to in a per- 
fect gas. We may express the latter quantity as 

h/H, = g —f,? + = —f,? (4-11) 
The third term in this expression, the one in /;///;, is 
negligible for a hypersonic boundary layer, except very 
near the outer edge of it. With this exception, we may 
write N as 
N = = n(T)/n(Tr) = 
n|To(g — (4-12) 
« 7°, thenn « 7°~', and 
N = [(g — f,?)/gs)°~' (4-13) 
The importance of the fact that the approximations of 
Eqs. (4-12) and (4-13) are not valid very near the outer 
edge of the boundary layer will be discussed in the next 
section. 

We next examine the displacement thickness 6* de- 

fined by 


6* = [(ps/p) — (u/us)]pdy = 


(ody/ oun) [(ps/p) — (4-14) 
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With the aid of Eq. (4-5) we may re-express 6* as 


6* = 2E/rs’ psts) (A* + — (h/H5)0] 


(4-15) 
where = (g — f,)dn (4-16a) 
0 
= f (1 — f,)f,dn (4-16b) 
0 


Neglecting the third term in the parenthesis of Eq. 
(4-15), we may write 


6*/C (H,/hts)V x 
V + @) (4-17) 


where c is some reference chord length. 

The shear stress on the body surface is denoted o 
(to differentiate it from the thickness ratio) and equals 
uw Ou/Oy evaluated at the wall. We may express o in 
terms analogous to those used in Eq. (4-17) as 
The heat flux to the body q equals (u/Pr) OH/dy 
evaluated at the wall. We obtain 


(gm/Pry) (4-19) 


We may apply the concept of the scale transforma- 
tion to any boundary layer. Under such a scale trans- 
formation we specify 7), u;, etce., as functions of 
x/eand make a change inc. The boundary-layer equa- 
tions are essentially invariant under this transforma- 
tion, and is a function of x/c alone. The lateral 
scale varies as c'’”, and the shear stress and heat flux 
vary as c~'’?, With three-dimensional boundary 
layers on surfaces of small curvature, there is a func- 
tional dependence on z/Atc, where & is an aspect ratio 
which is invariant in the transformation. 

A special case of interest is that in which the fluid is 
a perfect gas of constant y within the principal part 
of the hypersonic boundary layer, but for which the 
perfect gas law and value of y do not fit the state of the 
fluid and value of y just outside the boundary layer. 
The principal part of the hypersonic boundary layer 
here may be defined as that part within which the 
approximation of Eq. (4-11) is valid. 

In this case, we set 


ps/p = (p5/ pr) (h/hy) 


and, within the region of validity of Eq. (4-11), we set 
(ps/p) — fy? = — f,”) 


The term h/; in Eqs. (4-7), (4-15), and (4-17) is replaced 
by p././ ps, and the factor (y — 1)/y in Eq. (4.10) is 
interpreted in terms of the value of y within the 
boundary layer. The homogeneity properties of 8 
according to Eq. (4-10) are unchanged. 


(4-20) 


(4-21) 


(5) The Hypersonic Boundary Layer 
Independence Principle 


We now point out the existence of an independence 
principle for hypersonic boundary layers. In order to 
introduce this principle, we first examine, as a simple 
example, the case of the self-similar boundary layer 
with zero pressure gradient. The momentum equa- 
tion, Eq. (4-6) in this case, with f a function f(y) of 7 
alone, becomes 


(Nfny), + ffm = 0 (5-1) 
The transformation of Crocco? is 

hy (5-2a) 
= (5-2b) 

and changes Eq. (5-1) into the form 
6" + No = 0 (5-3) 

The boundary conditions here are 
©’(0) = O (5-4a) 
(1) = 0 (5-4b) 


We further assume that Pr = | and the body is in- 
sulated, in which case the solution for the energy equa- 
tion is simply g = 1. The main question now is whether 
a limiting solution exists in the limit 1/; ~ ©, with 
h;/H,; —~ 0. We employ the approximation of Eq. 
(4-11), which is valid in this limit, and assume Eq. 


(4-13). Wethen must have 
N « (1 — ¢)**' (5-5) 
near @ = 1. Examination of Eq. (5-3) shows that 


Sa (1 — — (5-6) 


near @ = 1, and that a solution of Eq. (5-3) satisfying 
the boundary condition @(1) = 0 is obtained as long as 
s>-—l. Ii s = 1, the solution is logarithmic. Since 
in practice s is of the order of 1/2 or 1, a suitable solu- 
tion in the limiting case is always obtainable. We may 
expect that the convergence to this limiting solution 
is uniform in an appropriate sense. 

From a physical point of view, this result is readily 
generalized. The pertinent feature is that with the 
fluid composition, the pressure distribution, the tem- 
perature distribution of the body surface, and the 
(approximately constant) velocity of the exterior flow 
given, the solution within the principal part of the 
boundary layer does not depend upon the value of the 
exterior Mach Number /; or, hence, upon the related 
exterior density p;, provided J/; is very large. An 
appreciable dependence upon J/; or p; appears only 
within a thin transitional layer at the outer edge of the 
boundary layer. In the example above, the thickness 
of this layer is of the order of M,;~‘~' times the dis- 
placement thickness. 

It is also clear that this independence of the external 
Mach Number applies also to  three-dimensional 


boundary layers of the mean-surface type, with the 
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Fic. 3. Profiles for two hypersonic boundary layers illustrating 
independence principle. 


condition 0p/0n = 0 applicable. In addition, it must 
apply to a large number of real-fluid effects within the 
boundary layer not considered here in detail. These 
include diffusion of different species, chemical reaction 
in the layer or with the surface material, evaporation 
or ablation of the surface material, and even radiation, 
provided the cool material outside the boundary layer 
is not itself radiating and is either extremely opaque 
or extremely transparent. 

We do not consider this independence principle as a 
similitude because two boundary layers differing only 
in their 1/; or ps distributions are essentially identical 
rather than only similar. From the boundary-layer 
point of view and with the boundary-layer assumptions, 
the flow field of interest lies within the principal part 
of the boundary layer covered by the independence 
principle. The thin transitional layer acts as a surface 
discontinuity, for which there is a finite but small 
thickness and a structure, which separates the principal 
part of the boundary layer from the external flow field. 
This external flow field is not a flow field of interest 
from the boundary-layer point of view. 

Note that no question has been raised as to the 
factors controlling ‘the pressure distribution. Con- 
sistent with the classical point of view in boundary- 
layer theory, we consider the pressure distribution as 
one of the parts of the problem which can be arbitrarily 
specified. There is, of course, an interaction between 
the displacement thickness distribution of the boundary 
layer and the external flow field; it is precisely this 
phendmenon which we undertake to consider in de- 
veloping a viscous hypersonic similitude. 

The hypersonic boundary-layer independence prin- 
ciple is illustrated in Fig. 3, with typical velocity and 
density profiles for two boundary layers with essentially 
identical principal parts. 


(6) General Features of a Viscous Similitude 


The flow field outside the boundary layer on a body 
is the same as the flow field with an inviscid flow on 
the same body increased in its dimensions by the dis- 
placement thickness of the boundary layer. If we 
are to have hypersonic similitude for this external 
flow field on a family of bodies, the total thickness dis- 
tributions of the bodies including the displacement 
thickness must be affinely related. We require that 
the bodies themselves be affinely related, and conclude 
that the distribution of displacement thickness follow 


the same affine law as does the total thickness (see 
Fig.4). Thus, we must have 


6*/rc = funct. (x/c) (6-1) 


in two-dimensional or axisymmetric flow. The pres- 
sure distributions on related bodies following the hyper- 
sonic similarity laws are themselves aflinely related. 
We require that the distribution of the quantity 
url» | be also affinely related, with 


pols! = M-funct. (x/c) (6-2) 


where J/ is a function of the parameters of the prob- 
lem, primarily of LU’ and of the fluid. We require that 
h,/Hs = g be aiunction of x/c alone, that 


= (6-3) 


And we require that V (n, £) be a function of x/c and 
n alone, that 


N = N(n, x/c) (6-4) 


A similar assumption is needed for the Prandtl Number. 
And, of course, we have the basic requirement that 
K defined in Eq. (4-2) and y be invariant. 

With the hypersonic assumptions in a perfect gas of 
constant y, the requirements above ensure us that @ is 
a function of x/c alone, that £ is proportional to a 
function of x/c alone, and that two boundary layers 
satisfying the requirements are similar. With the 
boundary layers similar, A* and 0 of Eqs. (4-16) are 
functions of x/c alone, and from Eq. (4-17) we may re- 
place requirement (6-1) by the requirement that 


(HT; tha) pun = funct. (x/c) (6-5) 


Note that the condition Eq. (6-2) is not independent 

of Eq. (6-5). With the hypersonic assumptions, the 

periect gas properties, and requirement Eq. (6-3), 
we may change Eq. (6-5) to 

1/7rV Re, = funct. (x/c) (6-6) 

where Re, = pUc/p, (6-7) 


and we have replaced u; by U’. 
In view of the requirements of Eqs. (6-2) and (6-3), 
we need apply Eq. (6-6) only at some single reference 


Mo = 


Fic. 4. Related bodies in viscous hypersonic flow. 
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point; the quantity rV Re, defined in terms of p, and 
wu, at that reference point must be an invariant. Since 
K is an invariant (unless it is infinite), we may multiply 
the quantity of Eq. (6-6) by A? to obtain an alternative 
invariant. With some analysis, noting that p;/p.. is 
invariant, we conclude that 


x= M.2VC/V Re. (6-8) 
must be invariant, where 
C= gal (6-9) 
evaluated at the reference point, and 
Re. = poUc/pe (6-10) 


The quantity x is the basic interaction parameter of 
Probstein and Lees (see reference 2), evaluated in terms 
of the total chord length. 

It is impossible to find a viscous similitude for a fluid 
obeying a general equation of state. Aiter imposing 
the principal requirements above, we must conclude 
that such a general solution is similar only to itself. 
A similitude can be obtained for a fluid which obeys a 
general equation of state in the exterior inviscid flow 
field but which obeys the perfect gas laws and the vis- 
cosity law Eq. (4-13) within the boundary layer. This 
case is rather artificial and will not be explored here. 
We shall consistently assume that the inviscid part of 
the flow follows the perfect gas laws (with y constant). 
This assumption is realistic for atmospheric air in flows 
at moderate values of the similarity parameter A. 

The results of viscous hypersonic similitude in terms 
of quantities evaluated on the body surface may now 
be expressed. We presume the affine relationship of 
those functions which need to be specified, such as 
y(x/c) and h,(x/c). A parameter equivalent to 
6*/rc must be made invariant, and also a parameter 
h,/H; with h, evaluated at a given reference point. 
For the pressure on the body, we obtain the classical 
result expressed with viscous effects as 


C, = K, x, n/Hs; Pr) (6-11) 


The presence of y as a parameter is the remnant in a 
perfect gas of the requirement in the general inviscid 
similitude that the gas must be specified. The presence 
of Pr serves as a reminder that suitable behavior of 
various viscous parameters is required within the 
boundary layer. 

The expression of Eq. (4-18) for the shear stress 
may be changed, using the hypersonic approximations 
and dividing by the parameter appearing in Eq. (6-6). 
The result is 


Cy = o/(1/2)p.U® = r°@(x/c; K, X, Pr) 
(6-12) 


For the heat transfer, we may define a heat-transfer 
ccefficient 


Cy = = °W(x/c; K, In/Hs; y, Pr) (6-13) 


The Stanton Number St is particularly useful if heat- 


1959 
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trans‘er rates are very small (with g,’(¢) < 1), and fol- 
lows the same law as does C,. According to the 
Reynolds analogy concept, the Stanton Number should 
be proportional to C,, and this is consistent with our 
result that St and C, obey the same similarity law. 

In the limit A — ©, we may drop the dependence 
on K in the functional equations above because of the 
applicability of the Mach Number independence 
principle. In this case, we must replace the parameter 
x by 1 Rey. 

For the total-force coefficients, functional expressions 
are obtained similar to those of the classical similitude. 
We may note that the 7* dependence of C,in Eq. (6-12) 
is the same as the classical one for the drag coefficient 
Cp. We may define a total heat-transfer coefficient 
Cg in the same manner as C,, dividing the total heat- 


transier rate by the reference surface area. The re- 
sults are 
= 7°A(K, x, y, Pr) (6-14a) 
Cy = A(K, x, y, Pr) (6-14b) 
Co = =(K, x, v, Pr) (6-14¢) 


The pitching moment coefficient obeys the same law as 
does the lift coefficient. These formulas hold also for 
a body of revolution at zero incidence (for which C,; = 
0, of course), defined in terms of a lateral projected 
area. 

It must be kept in mind that suitable specifications 
must be made with respect to the variations of vis- 
cosity and Prandtl Number with the state of the mate- 
rial. The expressions above are applicable to any 
valid similitude, but we have yet to inquire into more 
specific requirements guaranteeing a similitude. This 
is done in the next section. : 

Since the quantity J/; is almost never an invariant, 
the hypersonic boundary-layer independence principle 
must almost always be employed in viscous hypersonic 
similitude. The only exceptions are the case in which 
7 is held fixed and the case in which both the Prandtl 
Number Pr and the quantity «/7 are constants through 
the boundary layer. Note that in the viscous simili- 
tude the case in which 7 is held fixed is not completely 
trivial as it is in classical hypersonic similitude. 


(7) Viscous Hypersonic Similitudes 


We now list the main forms obtainable for hyper- 
sonic similitude with boundary-layer interaction effects 
included. 


(A) General Equation of State in Boundary Layer 


The gas considered behaves as a perfect gas of con- 
stant y outside the boundary layer, but obeys a general 
equation of state within the boundary layer. The 
viscosity and Prandtl Numbers are specified functions 
of state. We require now that the state of the fluid 
be the same within the boundary layer at corresponding 
points of two similar flows. From the fact that the 


temperature must be the same in the two flows, we 
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conclude that l’ must be an invariant. And from the 
saine fact with regard to the pressure, we conclude 
that 7r?p.l° (and also p..) must be an invariant. 
From the invariance of the parameter 1/tV Re, we 
conclude that r°c is an invariant. We obtain in place 
of Eq. (6-11) the law for C, 


C, = 7r°Il(x/c; K, U, gas) (7-1) 


with corresponding expressions for the other quantities. 
Since //; is essentially the same as 1/2 LU’, we may re- 
place h,/H; by 7). 

In this version of the similitude, the analysis of 
Section (4) above is not applicable. What is used is 
the scale transiormation discussed near the end of 
Section (4), for which there is no restriction that the 
fluid be a perfect gas. 


(B) Viscosity a General Function of Temperature 


The fluid behaves as a perfect gas of constant y 
within the boundary layer as well as outside the bound- 
ary layer. The values of y inside and outside the bound- 
ary layer are not necessarily the same, but, if not, both 
values of y must be invariant in the similitude. It can 
be shown that the restriction that y be constant within 
the boundary layer may be replaced by the restriction 
that it be a specified function of the temperature there. 
For simplicity, we require that the gas constant ® be 
invariant. The viscosity is a given function yu(7) of 
the temperature alone, as is also the Prandtl Number 
Pr(T). 

We require that the temperature of the gas be the 
same within the boundary layer at corresponding 
points of similar flows, and conclude that U’ must be 
an invariant. In place of Eq. (6-11), we obtain 


C, = 7r7ll(x/c; K, U, r'poc, hi/Hs; y, ®, wy (7-2) 


in which the specification on yw includes one on its 
functional dependence on temperature. The analogous 
specification on Pr(7) is understood in Eq. (7-2). As 
in similitude (A), we may replace h,/H; by 7). 

It should be noted that the specifications as to y and 
viscous properties are automatically taken care of if 
the gas itself is fixed, provided only the constant value 
of y in the inviscid flow is invariant. 


(C) Viscosity Proportional to T° 


Again, the fluid must be a periect gas of constant 7 
within and outside the boundary layer. Temperatures 
are not required to be the same at corresponding points 
in similar flows, and we may, in general, not relax the 
requirement that y be constant within the boundary 
layer. The viscosity is proportional to 7°, as in Eq. 
(4-13), and the Prandtl Number is constant. 

Here we obtain Eq. (6-11) with only the additional 
specification that the parameter s be an invariant. 
We may note that the quantity C defined in Eq. (6-9) 
is proportional to M..~°"~*, so that x may be re- 
placed by M ..2+'/V Re «. 

Can we check these similitudes with the results of 


other work? Unfortunately, the available experi- 
mental results are far too meager to permit any com- 
parison. However, there is a body of theoretical 
investigations on the effects of the interaction of the 
displacement thickness with the external hypersonic 
flow. An account of these may be found in Chapter 
9 of reference 2. These theoretical results are all 
consistent with our viscous hypersonic similitude and 
indicate that the similitude should not be considered 
completely unfamiliar or unexpected. 


(8) Similitude in an Isothermal Atmosphere 


To exemplify the special similitude rules which may 
appear in particular circumstances, we consider next 
the case of an isothermal atmosphere of given com- 
position. Since the composition of the gas is specified, 
the values of y and ®& are fixed; since the atmosphere 
is isothermal, the free-stream velocity of sound a. is 
fixed. Since K = /..7 is an invariant, so also must 
be the quantity l’r. The quantity x or | rV Re, 
must be invariant, of course, as well as /,,///;._ Simili- 
tude (A) of Section (7) provides no similitude at all in 
this case and is not considered. 

With similitude (B), the quantity LU’ is an invariant, 
hence, 7 is also. We conclude that the quantity Re, 
and, thus, also p.c must be invariants in this case. 
In place of Eq. (7-2), we have 


C, = rll(x/c; 7, U, pal, @ gas) (8-1) 


with replaceable by We may note that 
is the same at corresponding points in similar flows 
and, thus, that the hypersonic boundary-layer inde- 
pendence principle is not needed in this case. As will 
be pointed out below, similarity of rarefied gas effects 
is also included here. With 7 an invariant, the pro- 
portionality of C, to r* in Eq. (8-1) is meaningless 
and is only included for consistency with the other 
formulas. 

With similitude (C), the parameter x may be re- 
placed by M/..°*° ‘VRe., and we conclude that 
r°+?55 2c must be an invariant. Thus, in place of 
Eq. (6-11), we obtain 


C, = rll(x/c; Ur, oC, h,/Hs;a., gas) (8-2) 


In this case, we may replace the parameter /,,///; by 


(9) Momentum Integral Balance 


It is instructive to check the drag result of Eq. 
(6-14b) with the use of a momentum integral about a 
suitable contour. We use the contour given in Fig. 5, 
and express the drag for a two-dimensional body in 
terms of integrals across the flow field with x constant 
and equal to its value at the trailing edge. We obtain 


ys ‘Ys 

(1/2)p.U*cCp = os pdy + f (U — u)pudy 

(9-1) 
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BODY 
Fic. 5. Contour for momentum integral balance. 
from a direct application of the concepts of Euler’s 


momentum integral. We recall the basic definition of 


6* through the relation 


‘Vs Vs 
pudy Piny “inv dy 
vb yo + 


(9-2) 


in which the subscript inv. refers to the inviscid how 
giving the same flow external to the boundary layer. 
Noting that w#,,.. = us; near the body, we may write tcr 
the integral in (l’ — u) of Eq. (9-1) 


Vs Vs 
(U’ — u)pudy = (U — tiny.) + 
Up Up 


8 
Yb 


We recognize the first integral on the right of Eq. 
(9-3) as being a term which would appear in the defi- 
nition for the inviscid pressure drag on the equivalent 
body, the body increased in thickness by the dis- 
placement thickness. We may express this drag as 


— u)pudy (9-3) 


bs 


(1 co l py + = pb oo M's pey + 


+ 5* 
Us 
{ (U 
Up + 


The remaining drag we may express in terms of the 
momentum thickness 


Uinv.) Pinv (9-4) 


6 = (us — u)pudy = ri) pss)O (9-5) 
y 


expressed in the same terms as 6* in Eq. (4-15). This 
remaining drag is a momentum defect drag, defined in 
terms of a drag coefficient as 


(1/2)Comom. = (0/c) — (1/2)Cp,(6*/c) (9-6) 


We may decompose the drag on a slender body into 
pressure drag and skin friction drag, thus 


Co = Coy, + Co, (9-7) 


each part of which obeys the same 7* law as does the 
total drag. The results of our momentum integral 
analysis permit us an alternative decomposition of the 
drag into pressure drag on the equivalent body plus 
momentum defect drag, as 


Cp Coy, +5* + 


Since the momentum thickness @ is proportional to 775* 


(9-8) 
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in the similitude and since C, is proportional to r*, we 
may again say that both parts of the drag in Eq. (9-8) 
obey the r* law of the total drag. 

The thickness of the transitional layer may be shown 
to be of the order of times 6* if 7°, while u; — 
is of the order of r°u; there. Thus, the drag contribu- 
tion of either pressure or momentum integrals taken 
across the transitional layer has a r*** dependence and 
is negligible if 7 is small. 

We have said nothing so far about base pressure. 
From the drag given in Eq. (9-1) should be subtracted 
a term Ppase¥» Corresponding to a base pressure thrust. 
Alternatively, if we wish to use the ambient pressure 
as a reference pressure, the pressure integral in Eq. 
(9-1) is f'(p — p.)dy between y = y, and y = y,, and 
the p.y, term is removed. We must now add a term 
(Po — Ppbase)¥, to the drag, corresponding to the more 
conventional base-pressure drag. In any case, it is 
necessary that the base pressure jollow the similarity 
law if the base-pressure thrust or the base-pressure drag 
is to follow the similarity law given for the drag. 


(10) Three-Dimensional Boundary-Layer Effects 


Three-dimensional boundary layers are of two main 
types, which may be denoted as mean-surface three- 
dimensional boundary layers and as proper three- 
dimensional boundary layers. In the former category 
are boundary layers which are thin sheaths on rela- 
tively flat surfaces, for which the boundary layer thick- 
ness is much less than the radii of curvature of the sur- 
face. A characteristic direction for a mean-surface 
boundary layer is the direction normal to the surface. 
In the latter category are boundary layers whose thick- 
ness may be of the same order of magnitude or larger 
than a characteristic minimum transverse body radius 
of curvature. In this latter category is included the 
boundary layer on a needle or along a corner. A 
proper boundary layer generally has the free-stream 
flow direction as a characteristic direction, with no 
essential distinction between the two lateral directions. 
Of course, a proper boundary layer may appear locally 
on a body for which the boundary layer is mostly of 
the mean-surface type. An important subcategory of 
mean-suriace boundary layers comprises boundary 
layers with an almost unidirectional external flow and 
with small cross flow. In this case, the external free- 
stream direction and the perpendicular to it tangent 
to the body surface are to be distinguished. Boundary 
layers on slender bodies in a hypersonic flow have an 
almost unidirectional external flow. 

We shall concern ourselves primarily with mean- 
suriace boundary layers with small cross flow. The 
body itself must be quasi-cylindrical in the sense asso- 
ciated with the mean-surface approximation in linear- 
ized flow theory. The ratio 6*/rc is not negligible if 
interaction effects are important, and the requirement 
that 6* is small with respect to a transverse radius of 
curvature means that rc is also. For a flat or quasi- 


planar body, this means that 7r?//R* is small, while for a 
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quasi-cylindrical body must be small. Here, 
is a suitably defined aspect ratio of the body. These 
requirements on 7*/-R*® or 7/-R are sufficient to ensure 
the validity of strip theory,* with possible exceptions 
in local regions. 

On a slender body in an inviscid hypersonic flow for 
which strip theory is applicable, the solution is inde- 
pendent of the otherwise important parameter 7/.R. 
The pressure on the body and the shape function for the 
body are functions not only of x/c but also of s/ Re, 
where z is the lateral coordinate on the mean surface. 
But, the solution in terms of «/c for each value of 2/:Rc 
is essentially a two-dimensional solution, so that the 
variable z//Rc has more the nature of a parameter than 
of an independent variable. 

We shall not go into a detailed analysis of the three- 
dimensional boundary layer, but only into a proportion- 
ality argument sufficient to show the appropriate simi- 
larity law. The lateral pressure gradient from a pressure 
gradient following the similitude is proportional to 
p.U?r?/MRc. The lateral curvature of a streamline 
within the boundary layer is proportional to p,~'U? 
times this, or to 1/:Rc. The lateral slope is then pro- 
portional to 1/M@. The change in boundary-layer 
thickness due to three-dimensional effects from a simple 
continuity argument is 6* times the change in a stream- 


tube width divided by the streamtube width. Thus, 
we obtain 
(1 /6*) (d6*/dx)3 aim. /AR)/Re] = (10-1) 
We then conclude that 
(1/7) (d6*/dx)3 aim. (6*/7C)(1/AR*) (10-2) 


For similarity, the relative displacement thickness 
appearing irom three-dimensional effects must be pro- 
portional to the displacement thickness itself, and we 
conclude that the aspect ratio .R must be an invariant. 
The aspect ratio is, thus, the basic similarity parameter 
governing three-dimensional boundary-layer interaction 
effects, subject to the restriction that or is 
sufficiently small. Note that, if the concept of strip 
theory were not applicable, the parameter 7/R would 
also be a similarity parameter jor the basic similitude. 

Eq. (10-2) also tells us that three-dimensional effects 
are negligible with respect to the basic boundary-layer 
interaction only if the aspect ratio is large enough that 
1/:R? may be neglected in comparison with one. Ii 
M is of the order of one or larger, these three-dimen- 
sional effects may not be neglected. 

We turn now to the more restrictive similitude in 
which both 7 and /R are held fixed. In this case, strip 
theory is not needed, and similarity is obtained for 
general hypersonic three-dimensional boundary layers 
on general slender bodies. Included herein are proper 
three-dimensional boundary layers as well as mean- 
surface three-dimensional boundary layers with small 
cross flow. The hypersonic boundary-layer inde- 
pendence principle is not needed and, as we shall note 
in the next section, similarity is also obtained with 
respect to rarefied gas effects. 


(11) Rarefied Gas Effects 


So far, we have considered only cases for which the 
usual continuum gasdynamical equations hold, with 
laminar boundary layers without slip or vorticity inter- 
action taken into account. Rarefied gas effects are 
characterized by the Knudsen Number, or ratio of 
mean-free path \ to a characteristic dimension. This 
Knudsen Number is, apart from a multiplicative con- 
stant, equal to 1//Re, where Re is based on the char- 
acteristic dimension. If the characteristic dimension 
is a boundary-layer thickness and Re is based on the 
chord, the Knudsen Number may be taken as \/ 'V Re. 
In the interior of a hypersonic boundary layer, the 
Mach Number is of the order of one, and the Knudsen 
Number for the boundary-layer thickness is proportional 
to 1 IV Res. 

If similarity is to be obtained with respect to rarefied 
gas effects, the Knudsen Number must be an invariant. 
With the invariance of x or of 1, rV Re, already estab- 
lished, the thickness ratio 7 and the free-stream Mach 
Number /.. (except with K — ©) must both be in- 
variants. With 7 invariant, .\/; is the same at corre- 
sponding points in similar flows, and the hypersonic 
boundary-layer independence principle is not needed. 
In addition, as shown in the last section, similarity is 
automatically obtained for all three-dimensional vis- 
cous effects. 

The requirement that 7 be an invariant, although 
very restrictive, does give a true similitude. This 
similitude applies primarily to the viscous or rarefied 
gas effects; in an inviscid flow the only similitude is 
that obtained by the scale transformation or by dimen- 
sional analysis and is trivial in the sense of hypersonic 
similitude. 

Similitude (A) of Section (7) does not apply here, and 
rarefied gas effects cannot be included. With simili- 
tude (B) applied to a given gas, we obtain the require- 
ment that p.c¢ is an invariant. This result was also 
obtaimed in the case of a constant temperature atmos- 
phere, and we note that the quantities 7. and a, must 
be invariant in this case. With similitude (C) of Sec- 
tion (7), we may conclude that p..cU' ™ is an invariant. 
With a hard sphere atomic model, we would have s = 1/2 
and p.A constant and again have p.c an invariant 


(12) The Weak Interaction Case 


We have consistently taken the position that the 
displacement thickness of the boundary layer must be 
taken into account, that 6*/7rc is not negligibly small. 
We now look briefly at the case in which 6* rc is very 
small, so that the pressure distribution on the body is 
essentially what it would be in an inviscid flow. In this 
case, x or 1 rv Re, is not an invariant in a similitude. 

In place of the r* dependence of C, obtained in Eq. 
(6-12), we find that C, is proportional to r* 'V Re, or to 
VC ‘Re..; the same result holds for the heat-transfer 
coefficient C,. The contribution of skin friction to the 
drag coefficient has the same dependence as does Cy 


j 
4 
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and is very small compared with the pressure drag 
coefficient. The pressure drag is a functional of dy,/dx 
+ dé*/dx, and a functional analysis shows that the 
increase in pressure coefficient due to small displace- 
ment thickness is proportional to 6*/rc times the in- 
viscid pressure coefficient. This leads to an increase 
in the pressure drag coefficient, which is of the same 
order of magnitude as the frictional drag coefficient. 
The total increment in drag coefficient is, thus, pro- 
portional to 7?/V Rey. 

Since the increment in the drag coefficient is relatively 
very small, the similitude is no different from the classi- 
cal inviscid similitude as far as forces on the body are 
concerned; and the parameters describing viscous 
effects may be dropped in Eqs. (6-11), (6-l4a), and 
(6-14b). However, the heat transfer is zero in the invis- 
cid theory, and Eq. (6-13) and (6-14c) do apply, with 
7*/ V Re, in place of r* and with only x dropped in the 
expression of functional dependence. 

In similitude (A) for a perfect gas of Section (7), 
only AK need be specified for the force coefficients, 
while the parameters given in Eq. (7-1) with 7c 
dropped must be specified for the heat transfer. In 
similitude (B), the parameter r'p..c is dropped in fune- 
tionally expressing the heat transfer. Analogously, 
the parameters p.c and r'**p..c are dropped in simili- 
tudes (A) and (B) in a constant density atmosphere. 
Rarefied gas effects are always weak if the interaction 
is weak and need not be considered. With respect 
to their influence on the pressure distribution, three- 
dimensional boundary-layer effects may be expected 
to possibly be important locally, but certainly not in 
the large. For similarity of the heat-transfer distribu- 
tion on a body for which strip theory is applicable, 
we would again require the aspect ratio -R to be an 
invariant. 


(13) Similitude with Blunted Noses 


An interesting extension of the classical inviscid 
similitude to take the effect of slight blunting into 
account has been found by Cheng.® His result is 
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that, with a slightly blunted nose, the quantity 
M ..(d/c)"*?/8* is a basic similitude parameter 
which must be invariant in hypersonic similitude. 
Here d is the effective width or diameter of the blunt 
nose. 

Our conclusion is that this similitude may not be 
extended to the viscous case, or only under conditions so 
restrictive as to make the result uninteresting. The 
reason for this conclusion lies in a basic assumption 
underlying Cheng’s extension This assumption is that 
the equivalence principle holds for the flow with a 
blunted nose. The assumption necessarily fails locally 
in the vicinity of the nose itself, and the layer of fluid of 
increased entropy nearest the body cannot follow the 
similitude. But, it is precisely in this entropy layer that 
the boundary layer grows, so that with a blunted nose 
the boundary layer cannot follow the similitude. 


Addendum 


Attention is ca'led to a note of Lunev,’ in which are 
stated conclusions similar to those cf ours given as 
similitude (C). 
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Buckling of a Cylindrical Shell Under a 
Circumferential Band Load 


D. O. BRUSH* anp F. A. FIELD** 
Lockheed Aircraft Corporation 


Summary 


A method is presented for calculating the buckling pressure for 
a long, circular cylindrical shell subjected to external pressure 
over a circumferential band of arbitrary width. The ‘‘Euler’”’ 
buckling pressure is determined. Stability is based on the 
principle of minimum potential energy, and the Ritz procedure 
is used to reduce the system to a finite number of degrees of 
freedom. 

Results are compared for two methods of loading: (1) a fluid 
pressure which remains evenly distributed during buckling, and 
(2) a physical-body pressure which becomes concentrated at the 
high points of the deformed shell. It is found that, where shell 
radius/thickness ratios are greater than 200 and pressure band 
width/radius ratios are less than 1.0, the greatest difference be- 
tween average buckling pressures for the two methods of loading 
is not more than about 30 per cent. In this range, the buckling 
pressures are approximately in inverse proportion to band width 
for both kinds of loading. 

Numerical results are presented in the form of graphs showing 
the buckling pressure parameter as a function of the radius, 
thickness ratio and the pressure band width/radius ratio. 


Symbols 
a = mean radius of the undeformed shell 
b = ratio of pressure band width to shell diameter 
(Fig. 2) 
E = compression modulus of elasticity 
h = shell thickness 
K ij = stability determinant coefficients, Eqs. (25) 
m = axial wave length parameter 
n = circumferential wave length parameter 
p = uniform or average external pressure, psig 
Fr = pa Eh 
Up = bending strain energy of the shell 
Um = membrane strain energy of the shell 
V = total potential energy of the system 
u,v, W = dimensionless axial, tangential, and radial dis- 


placement components of a point on the shell’s 
middle surface. w is positive inward 


x, o = dimensionless cylindrical coordinates (Fig. 3) 
X,,..., 5 = dimensionless displacement parameters 
a}, a, @; = coefficients from the potential energy of the ex- 


ternal pressure Eqs. (17) and (20). 
€x, €g, Yro = Strains at a point in the shell’s middle surface 


kr, kg, kro = Curvature changes at a point in the shell’s middle 


surface 
v = Poisson’s ratio 
Q = potential energy of the external pressure 


The subscripts F and R refer to the loading cases, fluid pres- 
sure and ring pressure, respectively. 


~ 


Presented at the Structures Session, IAS 27th Annual Meeting, 
N.Y., Jan. 26-29, 1959. 

* Head, Applied Mechanics-Statics, Structures Department, 
Lockheed Missiles and Space Division. 

** Senior Scientist, Aerodynamics Department, Lockheed 
Missiles and Space Division. 


Introduction 


» THE NORMAL HANDLING and storage of missiles, the 
cylindrical structure frequently is subjected to cir- 
cumferentially distributed radial loads. For example, 
such loads are present when a missile is at rest in ground- 
handling support-frames. If the shell is thin and not 
stiened in the region of load application, the load may 
cause the structure to buckle. A method is presented 
here for determining the buckling pressure for a long, 
circular cylindrical shell subjected to external pressure 
over a circumferential band of arbitrary width (see 
Fig. 1). 

The corresponding problem of pre-buckling stresses 
and deflections is treated by Timoshenko in reference 
1. The buckling of a cylinder subjected to uniform 
external pressure over its entire lateral surface has been 
analyzed by Fliigge,* Langhaar and Boresi,’* and others, 
while buckling due to a radial circumferential line load 
has been treated by Hahne.* 

Calculation of the buckling pressure in the present 
problem is complicated by the fact that the pre-buckling 
stresses are not constant throughout the shell, but are 
functions of the shell’s axial coordinate. Hoff recently 
published an analysis of buckling under hoop stresses 
which vary in the axial direction.’ His equations 
may be used for the calculation of circumferential 
buckling stresses caused by a band of pressure, but his 
series solution is not well suited for bands which are 
narrow compared with the total length of the cylinder. 
The present solution is devised for narrow bands such 
as the one shown in Fig. 1. 

The general method of analysis is as follows. An 
approximate energy method is used to determine the 
infinitesimal or ‘‘Euler’’ buckling pressure. Stability 
is based on the principle of minimum potential energy. 
The nonlinear terms necessary for buckling are included 


Fic. 1. Method of loading—undeformed shell. 
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Fic. 2. Method of loading—deformed shell. 
from the outset in the strain-displacement relations. 
The Ritz procedure is used to reduce the system to a 
finite number of degrees of freedom, and the second 
variation with respect to the displacement parameters 
is calculated to determine the minimum potential 
energy. This method of analysis follows the general 
infinitesimal buckling theory used by Langhaar and 
Boresi in reference 3. Similar analyses are discussed 
by Marguerre in reference 6. 

In an investigation of buckling under radial loads, 
the question arises as to whether, for the same average 
pressure, the response of the shell to a fluid pressure 
loading is different from its response to a pressure ap- 
plied by a physical body. In particular, as the shell 
begins to buckle, pressure exerted by a physical body 
becomes concentrated at the high points of the shell, 
but fluid pressure remains evenly distributed. There- 
fore, physical-body pressure inhibits the formation of a 
buckle pattern, and the average pressure at buckling 
may be higher than for fluid pressure loading. The 
question is of special interest, for example, in the anal- 
ysis of a missile shell subjected to a dead-weight load 
during ground-handling. 

In order to gain some insight into this effect, the two 
methods of loading shown in Fig. 2 are investigated 
in the present analysis. The elastic interaction, 
during buckling, between the shell and a particular 
physical ring encircling the shell is not considered; 
the pressure is assumed to remain constant during 
buckling in both cases. In this way, any difference in 
average buckling pressures depends only on whether 
the applied pressure remains evenly distributed or be- 
comes concentrated at the high points of the shell. 

The shell is assumed to be very thin-walled, and the 
stresses are assumed to be elastic. 


Potential Energy of the System 


In the coordinate systems and displacement com- 
ponents shown in Fig. 3, x, u, v7, and w have been made 
dimensionless by dividing the corresponding distances 
by the radius a. For example, component w is the 
ratio of the radial displacement to the radius of the 
shell. 

The total potential energy is given by the equation 


V = U + U, + Q (1) 


where U,, and U, are the membrane and bending strain 
energies of the shell, and 2 is the potential energy of the 
external pressure. 
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Strain Energy of the Shell 


The strain energy expressions for the shell are given 
in reference 7 in terms of the strains and curvature 
changes of the shell’s middle surface [Eqs. (255) and 
(256), reference 7|. In the notation of the present 
analysis they may be written 


Un = [Ea*h/2(1 — v?)] X 

+ 2vereg + — »)/2] db dx 
(2) 

U, = [Eh*/24(1 — v?)] X 

+ Kg? + + 2(1 — dx (3) 


Appropriate nonlinear strain-displacement relations 
for Eq. (2) may be found in reference 8 (Eq. 1.125) for 
shells of any shape. Specialization of the equations 
for cylindrical coordinates results in the equations 


(Ou/Ox) + (1/2)[(Ouw/Ox)? + 
(0v/Ox)? + (Qw/Ox)?] | 
— w + (1/2)} (Ou/dp)? + 
[(0v/0¢) — w]? + [v + (Ow/d¢q)]*} } (4) 
Yro = (Ou/OP) + (Ov/Ox) + (Ou/Ox)(Ou/OP) + 
— w] + (Ow/Ox) X 
[v + | 


Novozhilov has shown that, for deformations in which 
the strain components and rotations are small compared 
with unity, the four terms 0u/Ox, [(07/0¢) — w], Ou/ 
O¢, and 0v/Ox in Eq.(4) are of the order of magnitude 
of the strain components (reference 8, paragraphs 46 
and 48). For such deformations, then, nonlinear terms 
containing these four quantities may be neglected in Eq. 
(4). The resulting approximate strain-displacement 
relations are 


= (Ou/dx) + (1/2)(Ow/dx)? | 

= (00/04) — w + (1/2)[v + | 
= (Ou/Op) + (0v/Ox) + 
(dw /dx)[v + (0w/d4)] 


ll 


€r 


Novozhilov’s argument, as presented in reference §, 
applies to shells of any shape. Its application to flat 
plates leads to the well-known von Karman equations 
for moderately large deflections of flat plates. 

For the very thin shells under consideration, the 
bending strain-energy is in general much less influential 


Fic. 3. Coordinate systems. 
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than the membrane strain-energy. Therefore, only 
linear terms in w are included in the curvature change 


- displacement relations for Eq. (3). They are 


kr = O07w/Ox?, 


Ky = (0°w/O0¢") + w, 

Kry = O'w/OxdP (6) 
Eqs. (5) and (6) are somewhat more general than the 
corresponding relations underlying the popular Donnell 
buckling equations. [In the latter, the number of 
circumferential waves in the buckle pattern is assumed 
to be large. Then v may be neglected compared with 
Ow/O¢ in Eq. (5), and w may be neglected compared 
with 0°w/d¢g? in Eq. (6).| 


Potential Energy of the External Pressure for the Fluid 
Pressure Loading 


The potential energy of the external fluid pressure 
may be written 


b 
= —pa (ma? — Ap*)dx (7) 


where A,* is the area of the deformed cross section. 
A,* may be obtained from the relation 


where, from Fig. 3, 


Y* = a[(1 — w) — vsin 9) 
Z* — w) sin + v cos 


Then substitution into Eq. (7) yields, for the potential 
energy of the external fluid pressure, 


b 
Q, = + fa’ {(1 — w)[(1 — w) + 


(dv/d@)| cos? @ + v[v + (dw/d¢)] sin? @ — 
(1/2)(1 — w)[v + (dw/dd)] sin 26 — 
(1/2)v[(1 — w) + (dv/d¢)] sin 29} (10) 
Potential Energy of the External Pressure for the Ring 
Pressure Loading 


For the ring pressure loading, the potential energy 
of the external pressure is simply 
Qe = —pa(ra? — AR*)d (11) 
where A,* is the circular area enclosed by the ring 
after the shell deforms. 


Expansion in Terms of Displacement Functions 


Eq. (1), together with (2), (3), and either (10) or 
(11), represents the total potential energy of the system. 
Following the Ritz procedure, the potential energy is 
integrated by expressing the displacement components 
u, v, and w in terms of appropriate functions of @ and 

The displacement components are assumed to have 
the following forms in the circumferential coordinate: 


u = UW + COS Nd | 
v = v sin nd (12) 
WwW = Wy + W, COS nos 
where u, 1, 71, Wo, and w, are functions of x, and n is 

an integer greater than one. 
In the axial coordinate, the functions are assumed to 
have these forms: 


uw = sin mx 

uy, = sin mx 

% = X3e—""(cos mx + sin mx) (13) 
w, = Xye~-""(cos mx + sin mx) 


w, = X;e~""(cos mx + sin mx) 


where X),..., X5; are dimensionless constants, and m 
is positive. The functions satisfy the boundary condi- 
tions u = Ow/Ox = Vatx = 0. 


The membrane strain energy is obtained in terms of 
the displacement functions by introducing Eqs. (12), 
(13), and (5) into Eq. (2). In this substitution, and 
in the remainder of the analysis, certain terms are 
neglected. The stability criterion is based on a virtual 
deformation from a loaded, but unbuckled, equilibrium 
configuration. In the unbuckled form, X2 = X; = 
X; = 0. Consequently, cubic terms in the displace- 
ment parameters which do not contain X; or X, make 
no contribution to the second variation. Furthermore, 
all terms in the potential energy expression which are 
quartic in the displacement parameters are small com- 
pared with the cubic or quadratic terms. In the re- 
mainder of the analysis, therefore, we neglect all 
quartic terms and those cubic terms which do not 
contain X, or X4. 


Accordingly, the membrane strain energy in terms 
of the parameters X;, .. ., X; becomes 


U, = [wEath/2(1 — + + — Xe? + 
— v)/4]m? + (3/4)n?} + + [3/4]X + [—om] + + »), 4|mn| + 
[—(v/2) + [—(3/2)n] + [(40/15)m] XX + [—(S8v/15)mn] + 
((4v/15)mn?] + | [2(1 — v)/15] mn} XXX, + | — v)/15] XX + 
}—(3/5) + — + [(6/5)m + [—(4/15) + (4/5)vlm2n} + 
[—(Sv/15)m?] X43 + [—(4v/5)m? — (3/5)n?] XiX52) (14) 


Similar substitution of Eqs. (12), (13), and (6) into 
Eq. (3) yields, for the bending strain energy, : i 


The potential energy of the external fluid pressure is 
obtained by introducing Eqs. (12) and (13) into Eq. 
(10). 


U, = [wEa2h/2(1 — v*)m][(1/12)(h/a)?] X 
[2m* — 2vm? + (3/2)|X2 + 


[mt + + (3/4)(1 — n?)? — v m?*} (15) It becomes 


(2) | 
(4) 
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Qy = [rEa*h/2(1 — v*)m|[—4(1 — v*)Pe] X 
[as] + [(1, + [—n a, | X:X5} (16) 


where 


Py, = (p/E)(a/h), a = 1 — e~” cos mb, | 

a, = —(1/8) X (17) 

[3 — (2 + cos 2mb + sin 2mb)|\ 

From Fig. 2 and Eq. (12) the area A g* can be seen to 
be 


A,” = ra" (1 Wy + Ww)? (18) 
Consequently, substitution of Eqs. (12), (13), and (18) 
into Eq. (11) yields, for the potential energy of the ex- 
ternal ring pressure, 


Qe = [rEa*h/2(1 — v?)m|[—4(1 — v?) mbPR| X 
[as] + [—a3|X5 + {[—(1, a3” | + 
2)a;"| + [a;?] (19) 


where Pp = (p/E)(a/h) 
a; (cos mb + sin mt)f 
For simplicity, the terms for both cases will be in- 
cluded in one set of equations in the remainder of the 
analysis. /t will be understood that Qe = Pp = 0 for the 
fluid pressure loading, and Qy = Py = 0 for the ring 
pressure loading. Accordingly, the total potential 
energy of the system may be written 


V = Um + U, + Qe + Qe (21) 


where the four terms on the right are given by Eqs. (14), 
(15), (16), and (19), respectively. 


Ky = (1/2)m? 
Ke = (1/4)m? + [(1 — »)/16]n? 
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Determination of the Buckling Pressure 


The stability of the system can be determined by 
considering a virtual deformation from a loaded, but 
unbuckled, equilibrium configuration and examining 
the corresponding second variation of the potential 
energy. For this purpose it is necessary to determine 
the relationship between load and deformation before 
buckling. 


The Unbuckled Form 


The relationships between the external pressure and 
displacement parameters X, and X,; may be obtained 
by use of the principle of stationary potential energy. 
In Eq. (21), only those terms corresponding to a linear 
analysis of axially symmetrical deformations need be 
retained. Then, from the relations 


OV/OX, = OV/OX, = 0 (22 
we obtain 
4d v*)[aiPr mbasP 


(1/3)(h/a)?(m* — vm? + (3/4)] 


(v/m)X, 


I 


XxX, 
(23) 
Second Variation of the Potential Energy 
To determine the second variation of the total poten- 
tial energy, the displacement parameters .. ., 
are given the virtual increments &, ... , §&, respec- 
tively. Then the corresponding second variation of 
the potential energy is represented by the relation 


5 5 
eV = (24) 


Omitting the unessential factor rEa*h, [2(1 — v?)m], 
the coefficients A ,; are found from Eq. (21) to be 


K33 = (3/4)n? + — v)/4]m? + [(4v/15)m] + — »)/15] m2? — (3/5)} Xy — 201 — 
Ky = (3/2) — [(8v/5)m?] X4 + (1/12) (h/a)?[2m4 + (3/2) — 2» m2] — 21 — — mb a;? Pel 
= (3/4) + (1/12)(h/a)?[m* + m?n? + (3/4)(1 — — vm?) + [(4/15) mn?| X, — 
[(4v/5)m? + (3/5)n?| Xy — 211 — v?)[aaPr — mba; (25) 


Ky = —(v/2)m 
Ky; = [(1 + »)/S]mn + {[(1 — v)/15]m nt X, 
Ky, = —(v/4)m — {[(1 — v)/15]m n?} X, 


= —(3/4)n — [(4v/15)m + (3/5)n + [—(2/15) + (2/5) |m? n} + 2(1 — v?)n ay Pr 


K45 => —2(1 b a,” Ps 


where X, and X, are given by Eq. (23). 


The Stability Criterion 


The system is in stable equilibrium provided that the potential energy is a minimum. Therefore, stability de- 
pends on the sign of the second variation. Eq. (24) is a quadratic form in the virtual displacements £;._ The appro- 
priate condition for the limit of positive definiteness of the quadratic form, and of stability of the system, is that the 


determinant of the coefficients K ,; be equal to 0): 


Eq. 
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Kn 0 Ky, 
0 Ky Ko, O Kos 
0 Ky Ky; 0 = 0 (26) 
Ku 0 Ky Ka; 
0 Ky Ky Ky Kos 
Eq. (26) can be written 
Ky Ko; Kas 
an 4 r 9 - 
— Ay?) Ko; Kas) —Ky 0 (27) 
Ky Ks Kos 


For fluid pressure loading, the second term in Eq. 
(27) is equal to zero. Calculations show that for ring 
pressure loading, the influence of that term is negligible. 
Consequently it was omitted from Eq. (27) in most of 
the numerical calculations. For the remaining de- 
terminantal equation, the solution (Ay,Ay; — Ay?) = 0 
represents axially symmetrical buckling. (For that 
mode & = & = & = 0.) Unsymmetrical modes may be 
shown to be less stable. Consequently, the equation 
for the buckling pressure may be written 


Ko Ke Kos 
Ko, = O 28) 
Kos Keys Kos 


The characteristic equation of the determinant in 
Eq. (28) is of the form 


at+6P+cP?+dP* = 0 (29) 


where P is the buckling pressure parameter. The 
coefficients a, b, c, and d are functions of the five quan- 
tities v, a/h, b, m, and n.  Poisson’s ratio was assumed 
to be 0.3 in all the calculations. For a given shell 
(i.e., a given a/h and b), each set of values of m and n 
defines a particular buckled shape. The shell may be 
assumed to buckle along the lines of least resistance. 
Therefore the correct buckled shape is the one corre- 
sponding to minimum buckling pressure. For each 
shell then, m and n are selected by trial to give the 
minimum pressure. Numerical calculations indicated 
that the same minimum buckling pressure is obtained 
for a wide range of pairs of values of m and n. 

For shell thicknesses in the practical range, Eq. (29) 
may be conveniently solved by use of the iterative 
scheme 

= —(a/b) — (c/b)P,? — (d/b)P,* (30) 


where Py, = 0. Only one or two iterations are neces- 
sary. A digital computer was used for the numerical 


work. 


Results 


Results of the analysis for the external fluid pressure 
are compared in Fig. 4 with Fliigge’s analysis’ for 
cylinders subjected to uniform external pressure over 
their entire lateral surface and simply supported by 
rigid rings at the ends. The curve representing 
Fliigge’s results was obtained by interpolation from 
reference 2, Fig. 112. 


The comparison indicates close 
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Fic. 4. Comparison of results for a/h = 200. 


agreement between the wide pressure band range of the 
present analysis and the long-cylinder range of Fliigge’s 
solution. For intermediate band widths, the com- 
parison indicates that the unloaded portions of the shell 
outside the pressurized band furnish about 30) per cent 
less stabilizing elastic restraint than would be furnished 
by rigid, simple-support rings located at the edges of 
the pressurized band. 

The change in the slope of the curve in the short- 
cylinder range of Fliigge’s analysis represents an in- 
creased stability stemming from the increased prox- 
imity of the rigid end rings. The present analysis indi- 
cates that the buckling pressure is inversely propor- 
tional to the width of the pressure band for narrow as 
well as intermediate width bands. 

Another comparison with an existing solution is 
available in Hahne’s analysis‘ of a cylinder subjected to 
a radial circumferential line load. In that paper, 
numerical examples are calculated for an a / ratio of 
100 and cylinder-length/radius ratios of 4 and 6. For 
both, the calculated buckling load was 4.6 & 10~¢ (in 
terms of pounds per inch of circumference, divided by 
h X FE). Asa consequence of the inverse relationship 
between buckling pressure and band width, the analo- 
gous quantity is readily calculated for the present 
analysis. For a/h = 100, it is found to be P(2b) = 
5.8 X 10-4. The agreement with Hahne’s solution is 
fair. 

The buckling pressures calculated for the ring pres- 
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sure loading of the present analysis are always higher 
than those determined for the fluid pressure loading. 
The difference reflects the fact that pressure applied to 
only the high points of the deformed shell inhibits the 
formation of bulges. 

The number of circumferential waves in the buckle 
pattern decreases for wider pressure bands, and a de- 
crease in number of waves is accompanied by an in- 
crease in wave depth. Therefore, the difference in 
buckling pressures between the fluid and ring pressure 
loadings increases for wider bands. The deflection 


functions, Eqs. (12) and (13), however, are poorly 
suited for ring pressure loading in the extremely wide- 
band range, and the ring pressure solution in this range 
is probably too high to be of practical significance. 

In Fig. 5 the results of the analysis are shown for 
several values of the radius/thickness ratio for the 
band-width range of greatest interest. In applying 
these results to shells of finite length, it is probably 
conservative to limit the shell length to not less than 
five times the band width and not less than twice the 
shell radius. 

It may be noted that the greatest difference between 
fluid and ring buckling pressures in Fig. 5 is not more 
than about 30 per cent. 


References 


1 Timoshenko, $S., Theory of Plates and Shells, pp. 397-405, 
McGraw-Hill Book Company, Inc., New York, 1940. 

2 Fliigge, W., Statik und Dynamik der Schalen, 2nd Ed., p. 324, 
Springer, Berlin, 1957. 

3 Langhaar, H. L., and Boresi, A. P., Buckling and Post- 
Buckling Behavior of a Cylindrical Shell Subjected to External 
Pressure, T. & A.M. Report No. 93, Univ. of Illinois, April, 1956. 

4 Hahne, H. V., A Stability Problem of a Cylindrical Shell Sub- 
ject to Direct and Bending Stresses, Ph.D. Thesis, Stanford Uni- 
versity, July, 1954. 

5 Hoff, N. J., Buckling of Thin Cylindrical Shells under Hoop 
Stresses Varying in Axial Direction, J. Appl. Mech., Vol. 24, 
No. 3, pp. 405-412, September, 1957. 

6 Marguerre, K., On the Application of the Energy Method to 
Stability Problems, NACA TM 1138, 1947. 

7 Timoshenko, S., Theory of Elastic Stability, McGraw-Hill 
Book Company, Inc., New York, 1936. 

8 Novozhilov, V. V., Foundations of the Nonlinear Theory of 
Elasticity, Greylock Press, Rochester, N.Y., 1953. 


A New Reprint 
Journal of the Aeronautical Sciences 


Now entitled Journal of the Aero/Space Sciences 


Available Since September 1959 


Volumes 1-5, 1934-1937/1938, paper bound set.........................$140.00 
Volumes 1-2, 1934-1935, single volumes, paper bound................... 20.00 
Volumes 3-5, 1935/1936-1937/1938, single volumes, paper bound......... 35.00 


In Preparation 
Volumes 6-8, 1938/1939-1940/1941 


(Reproduced with the permission of the original publisher, Institute of the Aeronautical Sciences, Inc.) 


Please address orders and inqutries to: 


Johnson Reprint Corporation 
111 Fifth Avenue, New York 3, N.Y. 


4 
Co: 
I 
Co! 
Ae 
: 
On 
De 
I 
Th 
AN 
Aer 
a 
} 
AS 
Tw 
Rec 
On 
: 
Son 
i Spit 
V 
Beh 
On 
e 
i The 
i E 
i 
ie 
i 
i 


ring 
bly 
han 
the 


een 
ore 


Readers’ Gorm 


RIEF REPORTS of investigations in the aerospace sciences and discussions of papers pub- 
lished in the JOURNAL are presented in this special department. 


Entries must be restricted 


to a maximum of 1,300 words or the equivalent of one JOURNAL page including formulas and 


illustrations. 


Publication is completed as soon as possible after receipt of the material. 


The Editorial 


Committee does not hold itself responsible for the opinions expressed by the correspondents. 


Contents 


Comments on ‘‘Concise, Systematic Jacobian Thermody- 
namics for High-Temperature Real Gases’’ 
WILLIAM Sou IRE 


RUSSELL J. ARAVE 


Author’s 5 Resty 
Comment on ‘‘A Note on Blast-Wave Theory”. : 
OcKWoop TAyL OR 


hevedpanmie Influence Coefficients From Strip Theory 
WILLIAM P. RoppEN 


On the Flow a Dissociated Gas... R. E. 
Determination of Air Stagnation Properties in a High- 
Enthalpy Test Facility. . WALTER R. WARREN 
The Yield Strength and Deflection of Circular Bars Sub- 
jected to Torsion. RoBErRtT M. RIVELLO 
A Note on the nies a Multifinned Tail Assembly 
.Joun D. MULHOLLAND 


Aerodynamic Heating of Simple Geometries in the Slip- 

and Intermediate-Flow Regimes. 
Barry L. REEVES AND WILLIAM M. Van Camp 
Boundary-Layer Interaction on a Yawed Infinite Wing in 
Hypersonic Flow. ROBERT J. WHALEN 
A Simple Method for Determining Turbulent Skin Friction 
From Velocity Profiles. P. BRADSHAW 
Two-Dimensional Hypersonic Flow of an Ideal Gas With 
Infinite Electric Conductivity Past a Two-Dimensional 
Magnetic Dipole TAKEO SAKURAI 
Reduction of Strain Rosettes in the eee — 

H 


JEIGER 


H. 
On the Effect of a Narrow Band of PAPE Roughness 
Upon Boundary-Layer Transition. .... J. C. Grppincs 
Some Remarks on the Controversy Regarding Boundary 
Layers in Shear Flow...... GUNTHER JUNGCLAUS 
Spinning Ballistic Missiles........ W.H. T. Lou 
A Closed-Form Solution for Laminar Free Convection on a 
Vertical Plate With Prescribed, Nonuniform, Wall Heat 
Fiux.. .. RICHARD P. Bosco 
Behavior of Liquids in n Free Fall... Wittiam C. REYNOLDS 
On the Use of a Spark-Driven Shock Tube to Prepare Non- 
equilibrium Gas Samples. Myron S. WECKER 
The Use of the WKBJ Method to Estimate Transient 
Effects on Structural Response. . ROBERT E. KELLY 


Some Aspects of the Modified Newtonian and Prandtl- 
Meyer-Expansion Method for Axisymmetric Blunt Bod- 
ies at Zero Angle of Attack... RicHarp D. WAGNER, JR. 


831 
832 


832 


833 
834 


835 


836 


837 


838 


839 


841 


841 
842 
843 
844 
844 
846 
847 
848 


850 


851 


831 


Comments on ‘‘Concise, Systematic Jacobian 
Thermodynamics for High-Temperature Real 
Gases’”’ 


William Squire* 
Southwest Research Institute, San Antonio, Texas 
May 26, 1959 
“generalization”! of Shaw’s Jacobian? system for 
a real—i.e., dissociating—gas was made necessary only by 
his interpretation of Shaw’s formulas. A dissociating gas in 
chemical equilibrium is still a simple system in the thermody- 
namic sense. Therefore, if the various extensive quantities such 
as enthalpy and entropy are taken to refer to a constant mass of 
material, the tables given by Shaw are valid for a dissociating 
gas. Modification is only necessary when extensive quantities 
are taken as being on a per-mole basis. The mole is obviously 
an unsuitable unit of mass when dealing with a dissociating gas 
as it no longer represents a fixed mass of material. While prac- 
tice has not been standardized, there are tabulations® ® of the 
properties of air at high temperature on a per-unit-mass basis. 
Some tables® are on a per-original-mole basis, but this also repre- 
sents a fixed mass. 

The earliest table for determining thermodynamic partial de- 
rivatives in terms of three reference derivatives was given by 
Bridgman,’:* who used C,, (OV/O7), and (OV/Op),y as the refer- 
ence derivatives. The Bridgman table is reproduced in several 
texts but, unfortunately, ® in reference 
7 have sometimes carried over.'® '! 
and(0A)yz. Inthe first case, the term corresponding to —.S(O07)¢ 
has been left out, factor has been 
omitted in one term. 

Shaw’s contribution is a table which can be memcrized easily 
and which makes it possible to construct tables such as Bridg- 


two typographicai errors® 
These errors are in (OA )¢ 


and in the second case a C, 
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man’s for any suitable set of reference derivatives. The usual 
tables for air list three properties which are thermodynamic 
derivatives: C,, C,, and the speed of sound. A table expressing 
the other thermodynamic derivatives in terms of these three 
quantities would be easy to prepare, but the author has not felt 
any need for it. 

The equilibrium speed of sound can be expressed either as 


a? = (H — E)(0H/0E), = (H — E)(H/E) = pH/pE (1) 


or 
= (0p/0p)s = (2) 
since p = V-!. The author has found the approximation indi- 


cated in Eq. (1) useful in the past when adequate tables of the 
velocity ef scund were not available. 
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Author’s Reply 


Russell J. Arave 

Thermodynamics Group, Convair, A Division of General Dynamics 
Corp., San Diego, Calif. 

July 12, 1959 


ee a dissociating gas is a simple system in the ther- 
modynamic sense,! and likewise the Bridgman table? is well 
known to thermodynamicists; however, the author feels that the 
necessary up-to-date changes contained in reference 3 are, never- 
theless, very useful. In the first place, the compressibility term 
(Z = PV/RT) has come into wide use. It first came into being 
due to the virial equation of state. Compressibility is a good 
physical interpretation of the degree of dissociation or ionization‘ 
in a gas. For example, if a diatomic gas at room temperature 
having Z ~ 1 is heated until Z ~ 2, the gas is ecmpletely disso- 
ciated. Reference 3, like reference 5, is on a per-original-mole 
basis. 

Due to the convenience and usefulness of the compressibility, 
it and other useful quantities (such as internal energy) have been 
tabulated for air for a wide range of temperatures and densi- 
ties.5°7 These values are arrived at by making use of spec- 
troscopic measurements of the atomic energy levels’ from which 
partition functions can be calculated. Then equilibrium con- 
stants can be found, and the system of gaseous species can be 
solved.?. Values for the partial derivatives of compressibility 
and dimensionless internal energy with respect to temperature 
and density are contained in references 6, 9, and 10. These are 
precisely the reference quantities used in the table in reference 
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3. The reference quantity C,, as used by Bridgman, is a com- 
plex arrangement of the reference quantities G, Z, G,, Gp, and 
Zp and would therefore be of less numerical accuracy. To com- 
pute C, experimentally to a high degree of accuracy (for a high- 
temperature real gas) would be extremely difficult. 

Another feature of reference 3 is that all the quantities are in 
dimensionless forms, thus avoiding any difficulty with units and 
conversion factors. Note that In P, for example, is dimension- 
less in the table because 0 In P is equal to 0(In P/In Po), where 
Py is a reference constant. If it is desired to have the quantities 
in dimensional form, this may be accomplished by an easy trans- 


formation. For example, 


(OX/dx), = RT[(X/RT)/ox], + In T/dx), 


where X is a thermodynamic quantity, and (Y/RT) is that 
quantity in dimensionless form. 

The numerical values for the approximate formula for the 
equilibrium speed of sound given in reference 1, as well as the 
exact values for the speed of sound (over a range of densities and 
temperatures), are given in references 9 and 10. It is readily seen 
that this approximation for the speed of sound is accurate for 
air that is undissociated or only slightly dissociated. These 
data show, however, that the approximate speed of sound is in 
error by marked amounts for a highly dissociated and ionized 
xas such as might be found behind a normal shock at hypersonic 
velocities. 

It might be well to add that Jacobian methods apply very well 
to other systems. Besides the special and simple thermody- 
namic cases, they can be applied with advantage to black-body 
radiation, the general (relativistic and nonrelativistic) quantum 
gas, the general degenerate Bose-Einstein and Fermi-Dirac 
gases, thermodynamic fluctuaticn,'! ete. 
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> 
Comment on ‘‘A Note on Blast-Wave Theory’’ 


J. Lockwood Taylor 

Professor, Norges Tekniske Hogskole, Institutt for Flyteknikk, 
Trondheim, Norway 

May 4, 1959 


I REFER to Harvey Einbinder’s letter on the above subject 
(Readers’ Forum, Journal of the Aero/Space Sciences, Vol. 
26, No. 3, pp. 191-192, March, 1959) in which he attributes the 
analytical solution for a spherical blast wave to Richard Latter, 
the reference being Similarity Solution for a Spherical Shock 
Wave, J. Appl. Phys., Vol. 26, No. 8, pp. 954-960, August, 1955. 
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May I point out that I published such a solution in An Exact 
Solution of the Spherical Blast Wave Problem, Phil. Mag., Vol. 46, 
7th Series, No. 374, pp. 317-320, March, 1955. 


Aerodynamic Influence Coefficients From Strip 
Theory 


William P. Rodden* 
Research Specialist, Vibration, Flutter, and Acoustics Group, 
North American Aviation, Inc., Los Angeles, Calif. 


May 21, 1959 


N ANY AEROELASTIC ANALYSIS by collocation methods, both 
structural and aerodynamic influence coefficients must be 
known. We consider here the derivation of the aerodynamic 
influence coefficients (AICs) from the simplest of the aerodynamic 
theories—that of strip theory in which the flow along any section 
of the wing can be considered as two-dimensional. The type of 
AICs necessary in an aeroelastic analysis must relate the control- 
point forces, F (rather than pressures) to the deflections, h, or 
streamwise slopes. In the present treatment, we prefer the de- 
flections rather than streamwise slopes as the generalized co- 
ordinates because the deflections have a more general meaning 
on a cambered surface and deflection influence coefficients are 
more readily obtained from a structural analysis than slope in- 
fluence coefficients. Accordingly, we define a steady matrix of 

AICs, [Cis], by 
{ F} = {h} (1) 


where the forces and deflections are positive up (aerodynamic 
convention), and g is the dynamic pressure, S is the area of one 
wing, and ¢ is the mean aerodynamic chord; we define a matrix 
of oscillatory AICs, [C;], by 


= pwb,2s[C]{h} (2) 


where the forces and deflections are positive down (flutter con- 
vention), and p is the density, w is the frequency, 5, is the refer- 
ence semi-chord, and s is the span of one wing. We note that 
the definitions of Eqs. (1) and (2) are completely general, being 
equally applicable to an aerodynamic lifting surface theory or to 
a strip theory. However, in the case of strip theory, the matrix 
of AICs appears in a partitioned form. For example, the AICs 
for a two strip wing appear as 


Cn 
[Ci] ] (3) 


where the C); are the AICs for each strip. Hence, we need only 
derive the AICs for one strip. 

We begin by deriving the steady AICs. The given and the 
equivalent force systems and geometry are shown in Fig. 1. 
We have assumed that the given aerodynamic coefficients have 
been referred to the local quarter-chord, as is usually the case 
with flutter coefficients. We arbitrarily choose the forward 
control point at the quarter-chord, the intermediate control 
point at the control-surface hinge line, and the aft control point 
at the trailing edge. It should be noted that the chord is con- 
sidered to be rigid. The strip aerodynamic coefficients are 
usually defined by 


( L c 0 0 Ci, Crs 
J = qAy 0c O Cin Crmg (4) 
r | 00 «La, 


The force equivalence is given by 
8 L | 
0 -d —(d + ca) = M> (5) 
0 QO —Ca F; \ 
* Now Engineering Specialist, Dynamics Branch, Norair Division of 
Northrop Corporation, Hawthorne, Calif. 
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geometry for the steady case. 
and the geometrical equivalence is given by 
| 1/d —1/d 0 
= ~ ho» 6 
(1/d+1/ca) —1/ca (6) 
3 


Solving for | F} in terms of {hk} by combining Eqs. (4)-(6) and 
identifying the result with Eq. (1) yields the steady strip AIC 
matrix. 


1 c/d 
[Cis] = (EAv/S)] O —c/d (ca2/ced + ca/c) | X 
0 0) —Ca/C 
c/d —c/d 0 


In the absence of the control surface, this reduces to 


c/d | 
Cis] = (€Ay/S 


We next consider the oscillatory case. The given and the 
equivalent force systems and geometry are shown in Fig. 2. The 
oscillatory aerodynamic coefficients are defined by 


—Cc d| (8) 


10 La Lp 
M >» = Apw*Ay}0 b O|] My Ma Me | 
ir) 0 0 LT Tx Te} 

(9) 


(N.B., the factor z cos A is used with subsonic coefficients where 
A is the sweep of the quarter-chord. Usually, the factor 4 is used 
in its place with supersonic coefficients). The force equivalence 
is given by 
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i L 
d = M (10) 
O F; \ 
The geometrical equivalence is 
h } 1 0 0 in) 
ba» =| —b/d b/d 0 he > (11) 
6B) b/d —(b/d +b/ca) b/co} 


Again, placing { F} in terms of {h} by combining Eqs. (9)-(11) and identifying the result with Eq. (2) yields the oscillatory strip AIC 


matrix. 
1 —b/d b/d 
[Ci] = cos A(b/b,)*(Ay/s)} b/d 
0 0 b/ca 


In the absence of the control surface, this reduces to 


[Ci] = cos 9 


—(b/d + b/ca) 


—b/d|] [Ln La 1 0 


i, ty fe 1 0 0 
M, Ma Ms —b/d b/d 0 (12) 
Te b/d —(b/d + b/ea) 


Once the AIC partitions are obtained for each strip, the total AIC matrix is formed as in Eq. (3). 


On the Frozen Flow of a Dissociated Gas 


R. E. Geiger 

Hypersonic Research Specialist, 

Missile and Space Vehicle Department, 
General Electric Company, Philadelphia, Pa. 


June 9, 1959 


INTRODUCTION 


yur LITTLE is known about the extent of departures from 
thermodynamic equilibrium in many hot-gas flow problems. 

In an investigation of such a flow, it is desirable to know the 
possible range of values of flow variables that might be encoun- 
tered. A calculation of a completely frozen flow is useful for this 
purpose. This note demonstrates that the usual equations for 
a constant specific-heat ratio are valid for a completely frozen 
gas, provided an appropriate effective specific heat ratio is used. 
The frozen gas considered here is one in which only the rota- 
tional and translational portions of the molecular energy are 
allowed to change during the flow process. All other gas energy 
components, such as vibration, dissociation and ionization, re- 


main constant. Furthermore, the composition of the gas re- 
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Fic. 1. Effective specific-heat ratio for frozen air. 


mains fixed, and no chemical reactions are permitted. The gas 
internal energy for this gas may be expressed as 

= es + (1) 

? 

Cf + CT) 
where ey; is the frozen component of the energy gas; ég is the active 
component (i.e., translational plus rotational energy); and C, is 
the specific heat at constant volume and is constant, computed 
as if the components of the hot gas constituted a mixture of ideal 


gases. 
The equation of state for this frozen gas is 
P = ZpRT (2) 
or Pv = ZRT (2a) 


where P, p, v, R, T have their usual meaning, and Z is the number 
of particles in the hot gas per particle of the same gas at normal 
temperatures and pressures. In the present case, Z remains 
fixed throughout the flow process. 

Since C, and Z are constant, Eqs. (1) and (2) have precisely 
the same form as for an ideal gas. It is then possible to go 


through the standard derivation for an isentropic flow. From 
the first and second laws of thermodynamics, 
Tds = de + Pdv (3) 
From Eq. (1), 
Tds = C,dT + Pdv (4) 
Using Eq. (2a), 
ds = (C,dT/T) + (ZRdv/v) (5) 
For an isentropic process, 

(dT/T) + (ZR/C,)(dv/v) = 0 (6) 
or log T + (ZR/C,) log v = log X (6a) 
where log \ is the integration constant. 

Using Eq. (2a), 
py = (7) 
or Pyll + (ZR/G)) = constant (7a) 


which has the same form as the isentropic pressure-density rela- 
tion for an ideal gas if we define 


r = 1+ (ZR/C) (8) 


At low temperatures where dissociation and vibration are negli- 
gible, this reduces to the usual specific-heat ratio. 
If we further adopt the sonic-velocity definition, 


a= 


we have, for our frozen flow, 
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a? = I(P/p) (9) 


which again has the same form as the usual ideal-gas result. 

All of the usual ideal-gas isentropic-flow equations now can 
be derived. Thus, for a completely frozen isentropic flow, the 
standard ideal-gas equations may be used if we replace y with I. 
Note that in the present case 


h= (P/p) + CT + es | (10) 
=(C,+ ZR)T +e; 
and Cy, = (0h/0T), = ZR (11) 


COMPUTATION OF T 
According to classic kinetic theory the energy of translation 
and rotation of a gas at the temperatures of interest here is 
(1/2)RT per mole per degree of freedom. For a mixture of 
gases (diatomic and/or monatomic), the active internal energy is 
given by 
= (12) 
where 
Ro = universal gas constant 
D; = number of active degrees of freedom (rotation and trans- 
lation) of jth species 
m; = mole fraction of jth species 
M;= molecular weight of jth species 
Thus, 
C, = (13) 
Such computations have been carried out for air over a range 
of temperatures and pressures using the data of reference 1. 
The results are presented in Fig. 1. 
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Determination of Air Stagnation Properties 
in a High-Enthalpy Test Facility* 


Walter R. Warren 


Consulting Aerodynamics Engineer, 
Missile and Space Vehicle Department, 
General Electric Company, Philadelphia, Pa. 


June 15, 1959 


SYMBOLS 
d = diameter 
E = power added to test gas 
h = enthalpy 
M = Mach Number 
p = pressure 
R = universal gas constant 
T = temperature 
W = weight flow of air 
Subscripts 
e€ = nozzle exit 
0 = reference conditions 
s = plenum or stagnation chamber 
t = throat 


HE AVAILABILITY of high-temperature equilibrium air prop- 
erties! in a convenient-to-use form? permits the simple 
determination of the gas stagnation conditions in test facilities 
such as an air arc-heated wind tunnel. The method depends 
upon the measurement of two test parameters: the mass-flow 
rate through the facility and the plenum-chamber pressure, 


* This work was supported by the Air Force Ballistic Missile Division 
under Contract AF 04 (647)269. 
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Fic. 1. 


The assumptions are made that at the throat of the plenum 
chamber the flow is choked (although this is not necessary as 
shown in reference 3) and that the flow from the plenum chamber 
to the throat is one-dimensional with negligible boundary-layer 
thickness. It is also assumed that the gas is in thermodynamic 
and chemical equilibrium as it expands from plenum conditions 
to throat conditions. 

The flow system is sketched in Fig. 1. It is characterized by 
four unknowns—.e., three state properties and an axial velocity— 
and four equations—i.e., the equation of state and the conserva- 
tion equations for mass, energy, and axial momentum. Once 
the equation of state is used, the system is reduced to three un- 
knowns and three equations, so that the three easily measured 
test properties of mass-flow rate, plenum-chamber pressure, and 
nozzle-throat diameter specify the flow system and lead to the 
determination of test-gas properties in the plenum chamber or 
at the throat. 

A universal chart which summarizes the results of calculations 
for this flow system over a useful range of operating conditions is 
shown in Fig. 1. This chart is difficult to use directly; therefore, 
an example of a more useful display of the results for a particular 
nozzle-throat diameter is shown in Fig. 2. Only the power added 
to the gas, EZ, and its stagnation enthalpy are given in Fig. 2. 
If other stagnation chamber or throat properties are desired, 
they can be obtained through the use of the Mollier chart.? It is 
pointed out that a curve of the type shown in Fig. 1 can be ex- 
tended to describe the flow in an expanded supersonic nozzle. 
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Fic. 2. Stagnation properties of air in high-enthalpy flow 


system, RT) = 33.86 B.t.u./Ib. 


, 


100 = 100 = 
° \ To 
200 \ 
00 \ 
400 \ \ M,=5.0 | 
(11) | 
M,=10 \ 
| 
\ 
143 \ \ q 
(12) —E 096 \ \ 
072 \ 
wo op Le 
hs 
= 10 = 
| 
= 
= 


836 JOURNAL OF THE 
For example, curves have been sketched on Fig. 1 for a Mach 5 


test flow. 


REFERENCES 


1 Hilsenrath, J., and Beckett, C. W., Tables of Thermodynamic Properties 
of Argon-Free Air to 15,000°K., AEDC TN-56-12, September, 1956. 

2 Feldman, S., Hypersonic Gas Dynamic Charts for Equilibrium Air, 
AVCO Research Laboratory, January, 1957. 

3 Warren, W. R., Determination of Properties of High Temperature Air 
Jets, MSVD Advanced Aerodynamics TM No. 6, General Electric Co., 
January 8, 1958. 


The Yield Strength and Deflection of 
Circular Bars Subjected to Torsion 


Robert M. Rivello* 
University of Maryland, College Park, Md. 
June 4, 1959 


Ww" A CIRCULAR BAR is subjected to torsion, the shear 
strain at any point a distance 7 from the center of the sec- 
tion is given by 


(1) 


where @ is the angle of twist per unit length. This relationship 
holds even though the stresses exceed the proportional limit if 
the angle of twist is small and the material is isotropic.' The 
condition of equilibrium between the applied torsional moment 
T and shear stress 7 at any point is 


a 
T= f (2) 
b 


where a and / are the outer and inner radii, respectively (Fig. 1). 
Eqs. (1) and (2), together with the appropriate shear stress- 
strain relation, are sufficient to determine 7 and @ for a given 
torque. The problem is usually solved by numerical integra- 
tion using the actual stress-strain curve of the material. When 
the surface of the shaft is stressed to the yield stress, a case of 
considerable practical importance, it is possible to obtain closed- 
form solutions for both the yield torque and angle of twist in 
terms of the Hill parameters of the material. It is the purpose of 
this note to present these relationships. The development of 
the equation parallels that of the yield strength of beams in pure 
bending, which was previously given by the author.? 

For stresses up to slightly greater than the yield, the stress- 
strain curve for uniaxial stress may be accurately expressed by 
the Hill equation® 

= (0/E) + 0.002(¢/o,)” (3) 


where ¢, is the 0.2 per cent offset yield stress and m is the Hill 
shape parameter. By using the principal-shear-stress theory, it 
is possible to derive a stress-strain diagram for pure shear from 
a uniaxial stress-strain diagram.‘ If this method is applied to 
the stress-strain relationship of Eq. (3), the following shear stress- 
strain equation results: 


= (r/G) + 0.002(2" + 1)(r/oy)" 


where G is the shear modulus which is equal to E/2(1 + +). 


(4) 


ty 
,Jb/a=0  [0.002(2n + 1)'/" + 2.6(o,/E)|* L(2" + \E 


* Associate Professor of Aeronautical Engineering. 
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In general, if Eq. (4) is used with Eqs. (1) and (2), the resulting 
expressions relating 7, 7, and @ are lengthy and offer no simpli- 
fication over numerical integration. If we restrict ourselves to 
the condition of the maximum stress equal to the 0.2 per cent 
offset yield shear stress, the vield angle of twist per unit length 
6, in terms of the Hill parameters becomes 

0, = (1/a){0.002 + [2.6/(2" + 1)'/"](o,/E)} (5) 
I 
in Eq. (5) and those involving the Hill parameters which follow, 
t has been assumed that vy equals 0.3. The yield torque 7, may 
be related to the torsional modulus of yield 7, by the equation 

ty = T,a/J (6) 

where J is the polar moment of inertia of the cross section. For 
the solid bar (6 equal to zero), the following relationship can be 
shown to exist between 7, and the Hill parameters: 
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A simple relationship similar to Eq. (7) is not possible for the 
case of the hollow circular bar because of the complexity of the 
expression for the stress at the inside radius. To circumvent 
this difficulty, a method similar to that used by Cozzone for 
plastic bending® may be used. Following this approach, the 
shear-stress distribution in the plastic range will be assumed to 
be trapezoidal (Fig. 1), so that 


T = 19 + (Tmax — To)(r/a) (8) 


where 7» is a stress such that the trapezoidal distribution will 
produce the same torque as the true distribution. For exact 
solutions, it is necessary to obtain a 79 for each ratio of inside to 
outside radii, and there is no advantage in using the trapezoidal 
distribution. Cozzone has shown, however, that the minimum 
stress of a trapezoidal bending-stress distribution determined for 
a rectangular cross section is sufficiently accurate for other beam 
sections. Such an assumption is even more justified in the 
torsion problem because the stresses are weighted by the square 
of their distance from the center of the shaft. For the solid bar, 
the value of 79 is given by 
tr = 3[(Ta/J) — tmazl (9) 
Taking tar equal to the yield shear stress and designating 
the value of rt) associated with this condition by vey gives 
(10) 


toy/Gy = 3} — [1/(2" + 1)"*]} 


Using this same value of 7,, for the hollow section, the torsion 
modulus of yield for a section of any b/a becomes 


Fy/oy = [1/(2" + 1)'/"] + K(r0y/o”) (11) 
where 
K = (1/3)[(a* — 4ab* + 3b*)/(a* — (12) 


Eqs. (9), (10), and (11) are plotted in Fig. 2 in the form of a 
nomogram for a range of the Hill parameters which should cover 
all practical cases. It may be used for the full range of sections 
varying from the solid shaft to the thin-walled tube if it is assumed 
that vielding occurs before buckling. A sample problem is shown 
on the nomogram. 
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A Note on the Normal Force of a Multifinned 
Tail Assembly* 


John D. Mulholland 


Department of Aeronautical Engineering, 
University of Cincinnati, Cincinnati, Ohio 


June 19, 1959 


’ ! ‘aE AUTHORS of reference 1 presented a supersonic interference 
parameter for multifinned tail assemblies. This parameter 
was defined by 
I = C,/8D sin x/n 
where 
C, = fin root chord 


* This study is part of a project sponsored by the Air Proving Ground 
«Center, Eglin AFB, Florida, under Contract AF 08(603)-4491. 
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and represented, physically, the ratio of a particular Mach cone 

to the distance between adjacent fin root chords. This param- 
” 

eter was used to correlate an “adjusted”’ tail normal-force slope 

based on average angles of attack and “‘effective’’ fin areas. 

This method was revised in reference 2 such that the normal-force 

parameter to be correlated was given by 


= 
where 
Cyre \eotal — (Cy body alone 
S; = exposed area of one fin 


and 


Fic. 2. Normal-force slope of tail assembly with rectangular 


fins. b6/D = 2,n = 4,6, 8. 
Ar 
\ 
\ 
4 
8 
> 
2 4 6 a 


Normal-force slope of tail assembly with rectangular 
fins. 56/D = 3,2 = 4, 6, 8. 


Fic. 3. 
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n 2 
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k=1 


aeS./aS; 


where y = roll angle. The roll angle is assumed zero when one 
pair of fins lies in the pitch plane. Values of aeS./aS; for com- 
mon are 


n 2 4 6 8 
Seate/ aS; 1.00 1.63 2.43 3.24 


It was shown rather conclusively in reference 2 that, for a given 
Mach Number 1, taper ratio \, and span-to-body-diameter ratio 


b/D, Cyr, is a function of J only, independent of the number of 
fins. The purpose of the present note is to point out that this 
correlation can be made independent of Mach Number also, by 
the simple expedient of plotting BCyr, versus J. 

The result of applying this procedure to the clipped-delta-fin 
data of reference 2 is shown in Fig. 1. It is seen that excellent 
correlation is achieved. Figs. 2 and 3 show a somewhat poorer 
correlation for the rectangular-fin data of references 3-5, but it 
is felt that even this is sufficiently good to indicate that super- 
sonic multifin normal-force data can be estimated with reasonable 
accuracy from cruciform-fin data at the same values of \ and 
b/D. 
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Aerodynamic Heating of Simple Geometries 
in the Slip- and Intermediate-Flow Regimes 


Barry L. Reeves* and William M. Van Camp 
Research Associate and Associate Scientist, Respectively, 
McDonnell Aircraft Corporation, St. Louis, Mo. 


June 23, 1959 


ECAUSE of the complex interactions of viscous, compressi- 
bility, and rarefaction effects, only a limited number of 
theoretical aerodynamic-heating solutions have been formulated 
for the flow regimes most commonly described in the literature 
as the slip and intermediate regimes. Most of these theoretical 
solutions apply only to a very limited region of slip flow bordering 
the continuum-flow regime. Since few experimental heat- 
transfer data are available in slip and intermediate flows, the 
design engineer has very little information at his disposal for 
predicting vehicle temperatures. 

This brief paper presents empirical relationships for determin- 
ing the aerodynamic heating rates and temperature recovery 
factors for the flow of a moderately rarefied gas over flat plates, 
cones, spheres, and transverse cylinders. 


* Now, National Science Foundation Fellow, Mechanical Engineering 
Dept., Washington University. 
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In establishing the heat-transfer and temperature-recovery- 
factor relations, it is assumed that (a) the aerodynamic and heat- 
transfer variables are continuous monotonic functions of gas 
rarefaction, and (b) the ratio of the number of molecular collisions 
with the surface to the number of intermolecular collisions is 
equal to the Knudsen Number, Kn. Thus, if \ represents an 
aerodynamic or heat-transfer variable in the slip- and inter- 
mediate-flow regimes, it is reasonable to assume that 


= Prym + (1 — (1) 


as originally suggested by Martino! in a study of temperature- 
recovery factors on circular cylinders. Here, As» and \, are the 
values of the variable \ in the free-molecule and continuum 
regimes, respectively, and P is the probability that a molecule 
will collide with the adjacent surface before colliding with 
another molecule. Since the Knudsen Number (ratio of the mean- 
free path length to the significant flow dimension) is an indica- 
tion of the degree of gas rarefaction, P must be some function of 
Kn, such that 


ll 


lim P=0O and lim 
Kn—0 
The probability function for the flow of a gas through a duct is 
P = Kn/(1 + Kn). Substituting P from this relation into 
Eq. (1) yields 
X= (Ac + Kmdsm)/(1 + Kn) (2) 


In the slip and intermediate regimes, the significant flow di- 
mension in the Knudsen Number is the boundary-layer thick- 
ness. Because of the low Reynolds Number usually associated 
with the flow of a rarefied gas, boundary layers are predominantly 
laminar. For laminar boundary layers, the Knudsen Number 
may be expressed? in terms of the Mach Number, 17, Reynolds 
Number, Re, and specific-heat ratio, y. Substituting the 
appropriate relation for Kn into Eq. (2) yields 
de 1.252 

1 + 1.252 V/>(M/V Re) 

If it is assumed that the probability function for flow through a 
duct is applicable to external flows, Eq. (3) becomes the basis for 
establishing the heat-transfer and temperature-recovery-factor 
relations for slip and intermediate flows. The case of the flow 
over a flat plate will be considered. 

Oppenheim?’ has shown that for free-molecule flow past a flat 
plate and for M > 3, the Nusselt Number, Nu, is given by 

Nu = 0.169 a(y + 1) [(RePr)/yM] (4) 
where a@ is the accommodation coefficient and Pr is the Prandtl 
Number. Assuming that the boundary between the free-mole- 
cule and intermediate-flow regimes? is given by 17/Re = 10, and 
substituting this relation into Eq. (4), gives 

(Nu/V Re)sm = 0.0535 [aly + 1)Pr/yV M] (5) 


In the continuum regime, the Nusselt Number may be expressed 


(3) 
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Fic. 1. Aerodynamic heating of transverse circular cylinders in 
slip and intermediate flow. 
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as‘ 
(Nu). = 0.332 Pr (6) 


The properties are evaluated at the continuum reference tem- 
perature‘, 7.*. 


Nu 0.332 + + 1)/y] M/Re Pr 
1+ 1. 


Flat Plate -= 
Re* 
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T.* = 0.58 T, + 0.42 Ts (1 + 0.0762 M;?) (7) 


where the subscripts w and 6 refer to conditions at the wall and 
at the edge of the boundary layer, respectively. 

Using the Nu/+/ Re relations of Eqs. (5) and (6) as the param- 
eter \in Eq. (3) yields 


(8) 
M/Re) 


where Re* and Pr* are evaluated at a modified reference temperature found from Eq. (3) 


T* = 


T, is the free-stream temperature of the gas. 


* /x/ Re)T, 
T.* + 1.252 Re)To (9) 


1 + 1.252 +/+(M/+/ Re) 


The following slip and intermediate heat-transfer relations for flow over cones, cylinders, and spheres have been formulated using the 


above procedure: 


Nu 0.575 (Pr*)'3 + sin 0(.M3/2/4/Re) + 1)/y] Pr (10) 
one = 
V Re* 1+1 (M/Re) 

for @> 10°, where @ is the half angle of the cone. 
Cylinder Nu _ 0.48 + 0.064 Rez) Pr (11) 
V Rez 1+ 1.252 (M/V Re) 

Spher Nu 0.672 M°-2 + 0.049 a Res) + 1)/y] Pr 

Re: 1 + 1.252 (M/V/Re:) 


The subscript 2 in Eqs. (11) and (12) indicates that the gas prop- 
erties are to be evaluated behind the normal shock. The rela- 
tions for flat plates and cones yield local convection coefficients, 
whereas the relations for cylinders and spheres yield average 
values for the entire surface. 

A study’ of recent experimental data for spheres and cylinders 
indicates that the slip-continuum boundary is more accurately 
expressed by 1//+/ Re = 0.05 compared to the value of /+/ Re 
= 0.01 previously proposed by Tsien®. Eqs. (11) and (12) were 
developed using 17/+/ Re = 0.05. 

The parameter Nu/./Re is shown in Fig. 1 for flow over 
transverse cylinders. 

From Eq. (3), the temperature recovery factor in the slip and 
intermediate regimes is 

te + 1.252 Re)rpm (13) 
"1 1.252 Re) 
where 7, and rym are the continuum and free-molecule values, 
respectively, of the temperature recovery factor for a particular 
geometry. Oppenheim’ has shown that the temperature re- 
covery factor in free-molecule flow for 1J > 3 has a constant value 
of 1.17 for flat plates, cones, spheres, and transverse cylinders. 

The variation of temperature recovery factor in the slip- and 
intermediate-flow regimes for cylinders and spheres is shown in 
Fig. 2. 
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Boundary-Layer Interaction on a Yawed 
Infinite Wing in Hypersonic Flow 


Robert J. Whalen 

Principal Scientist, Flight Sciences Laboratory, Inc., 
Buffalo, N.Y. 

July 3, 1959 


the combined Howarth and Mangler transformation, 
the laminar boundary-layer equations on a yawed infinite 
wing, for P,; = 1, constant wall temperature, linear viscosity- 
temperature law, may be written 


ff" = — 1) + tan? A(g? — 1) + 


sec? A[(T./To) — 1)(g — 1)} (1) 
+ fe’ = 0 (2) 
for Here, 

_ H/H, — 

B = (y — 1)/y (‘‘strong” interaction), A = yaw angle. The 
boundary conditions for Eqs. (1) and (2) are taken as f = f’ = 
g = Oatyn = O,andf’ = g = 1lasy—o. Tabulated numerical 


f’ = u/us. 


2 

4 
4: 


840 


JOURNAL OF THE AERO/SPACE SCIENCES 


INFLUENCE OF YAW OW 
BOUNDARY-LAYER INTERACTION 


(m2 


CALCULATED POINTS 
HELIUM 


BSOUMDARY-LAYER INTERACTION OF 
OELTA WING HYPERSONIC FLOW 
(am) 


STATE 


O Rey + 0.86 x 
O RE, 0.21 x | 


A 


TO UNYAWED SHEAR ~ 


RATIO OF YawWED 


Hypersonic interaction parameter ~ x. 


VARIATION OF SHEAR WITH Yaw 
2 


30 40 50 


Fic. 5. Yaw angle ~ A. 


SECONDARY FLOW ANGLE ~ @ 


qaso 


RATIO OF YAWED TO UNYAWED WEAT TRANSFER Rate 


26 


22 
20 


16 


36 
34 
28 LEADING EDGE 


24 F STREAMLINE | 3 


DECEMBER, 1959 


VARIATION OF SECONDARY FLOW 
with Yaw 


cos? A> 1) 


0.4 


sunrace 


Fic. 3. 


Sweep angle ~ A. 


VARIATION OF LOCAL HEAT -TRANSFER 
RaTE WITH Yaw 


A >> 


\ 
\ 
\ 
% 
0.6 
% a 
\ 
0.4L . \ 
\ 
\ 
\ 
Y-LAYER INTERACTION 
STAGNATION=LINE FLOW 
° 10 20 30 40 80 €0 70 


Fic. 4. 


Yaw angle ~ A. 


m 
w 
To 
1.0 I( 
4 
} To Fi 
= 
1.0 
0.2 te: 
co 
0.6 
04 co 
ti 
0.2 
sti 
12 
10 
ilh 
wee ° to 20 30 40 50 60 70 6 to 
4 
Peet Fic. 1. Yaw angle ~ A. of 
2 Z in 
10 20 30 40 80 €0 70 
dit 
ob 
mz 
ref 
th 
| *0.8 ne 
: YAWED- INFINITE - Wing cal 
} 
| | | | 
| | | 
*}++++4 Hy 
| 
ge | 
P. | 
Ae 
Tec 
4 C 
Th 
: SHEAR l 0, 
TOTAL 
1.0 

u 
0.8 / 
SHE ap 
o.8 the 
are 
06 diff 

0.8 u/l 

vel 
0.3 
vali 
the 
: 
° 
43 
law 
4 
fae 


READERS’ 


solutions of Eqs. (1) and (2) for y = 7/5,0 < T,,/T) < 1 and for 
y = 5/3, T/T) = 1,0° < A < 75°, are presented in reference 1. 

The ratio of the local pressure (p,q) to that at zero yaw (pa =0) 
may be written 


= 1(B, Sw)a/I(B, Suwa =o (3) 


where 


Se) = f, 11+ ((T./To) — 1](1 — g) 
cos? A — g? sin? Afdn 


The relative small influence of yaw on J(8, S,) is presented in 
Fig. 1. Thus, for A < 75°, the pressure induced as a result of 
the interaction of the boundary layer with the external flow, is 
only slightly dependent on yaw. Experimental results for air 
in the Ohio State hypersonic tunnel are presented in Fig. 2. The 
tests were conducted at 7,, = 11.5 for two Reynolds Number 
conditions corresponding to a 3.5 < x < 14.5 range, (based on 
conditions in the free-stream direction). The favorable correla- 
tion of the data with the theoretical prediction, for a wall-to- 
stagnation temperature ratio of 0.5 (the approximate equilibrium 
temperature during the test), can be observed in Fig. 2. 

The increase of boundary-layer secondary flow with yaw is 
illustrated in Fig. 3. Here, ¢ is defined as the angle between the 
velocity vector external to the boundary layer (which, according 
to the hypersonic small-disturbance assumption, is the direction 
of the free-stream velocity vector) and the streamline direction 
in the vicinity of the surface. 

The variation of the local heat-transfer rate with yaw for con- 
ditions associated with re-entry vehicles, 7,,/T> ~ 0, may be 
observed in Fig. 4. The variation for the range 0 < 7,,/T) < 1 
may be obtained from the results of reference 1. By way of 
reference, the large decrease in local heat transfer, with yaw, in 
the neighborhood of the stagnation line is also presented. 

The variation of the chord and spanwise shear with yaw is 
shown in Fig. 5. Again, the variation in the range 0 < 7,/Ty) < 1 
can be obtained from the results of reference 1. The relatively 
small influence of yaw on total skin friction is also indicated. 
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A Simple Method for Determining Turbulent 
Skin Friction From Velocity Profiles 


P. Bradshaw 

Aerodynamics Division, National Physical Laboratory, 
Teddington, Middlesex, England 

July 6, 1959 


Cscee=' has given a method of finding turbulent skin friction 
from velocity profiles, once the ‘inner law’’ is known. 
This method involves plotting the velocity profile on axes log 


Uvy/v, u/ Uy and comparing it with plots of the inner law u/u; = 
f(uzy/v) on the same axes for various values of Uo/u; = V 2/c;. 
A simpler method is to choose one suitable reference point on 
the inner-law curve and to plot this on the axes y, u/U» (which 
are those on which a velocity profile is normally plotted) for 
different values of Uy/u;. The resulting single curve on the y, 
u/Uy axes, which replaces Clauser’s family of curves on the 
log Uyy/v, u/Uo axes, has a well-defined intersection with the 
velocity profile in the region of u/Uy) = 0.6 for the more usual 
values of Uo/u;. The value of u/U at the intersection point can 
then be read off, and U>/u,; follows from this and the vaiue of 
u/u, at the chosen reference point. With a little practice, only 
two or three points need be plotted to find the intersection. 
For instance, let us take as the reference the point on the inner 
law u/u, = f(ury/v) where u;v/y = 100. If we take u/u; = 
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TABLE 1 
Uo ur 16 20 25 30 35 General form 
1600 2000 2500 3000 3500 Uo urly Us) (ury v) 
ul» 1.00 0.80 0.64 0.533 0.457 (uur) (ito ur) ref 
cs 0.0078 0.0050 0.0032 0.0022 0.0016 


16 at this point, which seems to be approximately the correct 
value for boundary layers with small pressure gradient, the co- 
ordinates of the points to be plotted on the y, u/l axes are as 
shown in Table 1, where v/l’) is known from the velocity-tra- 
verse measurements. 

Given the value of u/U, at the intersection point, the skin 
friction follows from 


Cr = to/(1/2)pUo? = = ref.]? 
= 1/128(u/U,)? 


with the present reference point. 

This method avoids re-plotting the velocity profile on special 
axes. Like Clauser’s method and the surface-tube method of 
Preston,? to both of which it is closely allied, it requires fore- 
knowledge of the inner law for the flow in question, as it now 
appears that the inner law is not truly universal. The method 
should, however, prove useful for routine skin-friction determi- 
nation where no instrument for direct measurement is available 
or where it is desired to re-analyze old data. 
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Two-Dimensional Hypersonic Flow of an Ideal 
Gas With Infinite Electric Conductivity Past a 
Two-Dimensional Magnetic Dipole 


Takeo Sakurai 
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Kyoto University, Kyoto, Japan 

July 6, 1959 


A FEW YEARS AGO, Burgers! investigated the flow of an ideal 
gas with electric conductivity past a magnetic dipole. He 
speculated that the magnetic field strength is so strong in the 
immediate neighborhood of the dipole that the flow may not 
penetrate into a certain region around the dipole, and that the 
gas flows around the region as if it passed around a rigid body. 
Recently, Tamada® investigated the steady two-dimensional 
flow of an incompressible fluid with infinite conductivity around 
a two-dimensional magnetic dipole and found that there exists 
in actuality the region as Burgers speculated. He discussed 
several other examples of the ‘‘frozen region’’ (as Tamada said) 
and, moreover, considered the effect of finite conductivity and 
viscosity on the ‘frozen region.”” In this paper we discuss the 
possibility of the ‘‘frozen region’’ in hypersonic flow. The prob- 
lem seems to be interesting from the practical viewpoint because 
the ‘frozen region’’ may serve to protect the re-entering satellite 
from the high-temperature flow behind a strong shock wave. 

Let us consider steady two-dimensional hypersonic flow of an 
ideal gas with infinite electric conductivity around a two-dime- 
sional magnetic dipole, the axis of which is perpendicular to the 
direction of the uniform flow. The ‘frozen region"’ is assumed 
to occur in a circle with its center at the dipole. The outer flow 
is assumed to be the so-called ‘‘shock layer’’ behind a strong 
circular shock wave. The problem is whether the hydrodynamic 
pressure in the outer flow can be balanced by the hydrodynamic 
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K (C -- a)/a K{wv'(a)/V}2 
4 0.379 3.57 
6 0.260 3.44 
8 0,203 3.37 
10 0.168 3.32 
12 0.144 3.28 
14 0.127 3.26 
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plus the magnetic pressure in the ‘‘frozen region.’’ The analysis 
is performed in the neighborhood of the stagnation streamline 
by applying the Hida-Lighthill method? * to the outer flow and 
the usual theory of static magnetic field to the ‘‘frozen region.”’ 


(1) THe OvuTER FLow 


The shock wave is assumed to be a circle of radius C around 
the dipole with the center at the dipole. The shock conditions 
are as follows? (see Fig. 1): 


= —Vcos0/K, w= V sind, K = p:/po, 


A [1 — (1/K)] po V? cos? 8, (1) 
ws) = (K — 1)?V sin 0/KC 


where the strong-shock approximation is used. As Hida and 
Lighthill considered, the shock wave is so strong near the stag- 
nation streamline that compressibility may be neglected. Then 
the basic equations may be approximated as follows:* 


v, = —(¥/rd0), vw = dp/dr, \ 
w: = (0%p/dr2) + (Op/rdr) + (d%y/r2062) 


where the vorticity due to the entropy jump across the shock 
wave is considered. Taking into account the shock condition 
together with the fact that the vorticity is conserved along 
streamlines, we may obtain an initial-value problem for the 
Helmholz equation (details are omitted for brevity), the solution 
of which may be written in the form: 


(2) 


y = V(r) ) 

V(r) = — 1)/Clr} + 1)/CIr}, | 

a = —(K 1)CV{ [((K + 1)/K(K—1)](K 1) - 
—1)/K}},{ ® 


B =(K —1)CVi((K + 1)/K(K — 1)]K(K 1) + 
— 1)/K]} 


where K,; and J; are the modified Bessel functions of the first 
order. The stream function y becomes zero at r = a which is 
smaller than C. This circle r = a is to be considered as the 
boundary of the “‘frozen region.”’ 


(2) THE ‘FROZEN REGION” 


The static magnetic field confined within the circle r = a (a 
magnetic line), due to a magnetic dipole at the center with its 
axis perpendicular to the uniform flow, is easily obtained from the 
usual theory of static magnetic field. Thus, the strength of the 
magnetic field on the boundary is found to be 


B? = 4B,*%(1 — sin? @) (4) 


(3) MATCHING OF THE OUTER AND THE INNER REGIONS 


The forces acting from each side of the boundary must balance. 
The force from the outer flow is the pure hydrodynamic pressure, 
while the force from the “frozen region’”’ is the hydrodynamic 
plus the magnetic pressure. Bernoulli’s equation holds for the 
stagnation streamline, so that the pressure of the outer flow is 


p = V2[1 — (1/2K) — K{W"(a)/V}? sin? (6/2)] (5) 


The strength of the magnetic field is given in Eq. (4), and the 
total pressure in the ‘‘frozen region’”’ is, in MKS units 


Di + (B?/2u.) = pi + (Bo?/2ue)(1 — sin? 6) (6) 
Equating Eqs. (5) and (6), we obtain the following equations: 
Pi = po V2[1 — (1/2K)] — (Bo?/2ue) (7) 


at = = Boa? 


where « is the strength of the magnetic dipole. 

The above results show that the Burgers-Tamada ‘frozen 
region’ can exist even in the hypersonic flow. It seems to be 
interesting from the practical viewpoint. If, in the future, we 
can have a sufficiently strong magnet on a satellite, we can pro- 
tect the re-entering satellite body from the high-temperature flow 
behind the strong shock wave, using the so-called seeding tech- 
nique‘ and producing the ‘‘frozen region”’ in front of the satellite. 

In conclusion, the author wishes to express his cordial thanks 
to Professor Ko Tamada for his continual guidance and encour- 
agement. 
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Reduction of Strain Rosettes in the Plastic 
Range 
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Ik A RECENT COMMUNICATION, Ades! presented an iteration pro- 

cedure for evaluating principal stresses in the plastic range 
when the principal strains have been determined by strain- 
rosettes measurement. In this proposed method, the expression 
of the dilatation 5 was assumed to be constant in the plastic range. 
This assumption should really be restricted only to perfectly 
plastic materials. 

It appears to the writer that the change in dilatation for strain- 
hardening materials can be easily taken into account by the 
usual method of separation of elastic and plastic strains.2_ One 
can write the total strains as 


Emar = + (1) 
Emin = (eminde + nin dy (2) 
where = (1/E)(omaz MOmin) (3) 
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(é€min = (1/E)(omin — LOmar) (4) 
= (1/72, ) tenes (1/2) omin]} (5) 
(emin)p = (1/Ep) [omin (1/2) omar] (6) 
3 
E = Young’s modulus | 
= Poisson’s ratio in the elastic range 
E.= Effective Stress Oj 
“? Effective Plastic Strain (e;), 
Sreaiv LLASTIC FULASTIC STRAIN 
Fic. 1. Typical stress-strain diagrams. 
and 
=> V (4, 3) (Cemex )p* + Cemex) + (7) 
The modulus £, is obtained from the stress-strain diagram (Fig. 1). Based on the above relation, it can be shown that 
\p + (€min \p = [E/2(1 + E\ enaz + €min) (8) 
(énandy \p = + w)E, + 3E |( €maz €min) (9) 
Thus, 
= (1/2){ [E, {2(1 = + E}] + Guta? + [(3E/{2(1 + WE, + 3E}] (encs + Emin) } (10) 
(€min)p = (1/2) [E/{201 — +°E}] (emaz + €min) — [BE/{2(1 + + 3E}] (emar — emin)} (11) 


With the separation of elastic and plastic strain components thus obtained, one can evaluate the principal stresses by solving either Eqs. 


(3) and (4) or Eqs. (5) and (6). 


Substituting Eqs. (10) and (11) into Eq. (7), we obtain one expression of effective strain (e;), in terms of total principal strains 


(e; = V + + €min)* + 3[E/{2(1 + + 3E} emaz (12) 


This solution, of course, is dependent on the value of the plastic 
modulus E,. This quantity can be determined by an iteration 
process. <A certain value of effective plastic strain (e;)p is as- 
sumed first, and the corresponding value of E, can be deter- 
mined from the o; vs. (e;), diagram. Eg. (12) can then be used 
to obtain a more accurate value of (e;), and to establish the iter- 
ation procedure. 

It should be remarked that the present procedure, as well as 
that given in reference 1, is based on the deformation theory of 
plasticity, hence, they are applicable only when the ratio of 
stresses remains constant while the applied combined stress is 
increasing gradually. 
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On the Effect of a Narrow Band of Distributed 
Roughness Upon Boundary-Layer Transition 


J. C. Gibbings 
Department of Fluid Mechanics, University of Liverpool, England 


July 6, 1959 


SYMBOLS 
k = height of roughness 
Re = ttok/va 
uo = stream velocity 
xk = distance of mid-point of roughness band from plate leading edge 
xt = distance of transition from plate leading edge 


= stream kinematic viscosity 


ii HAS BEEN SHOWN! that existing experimental results for the 

effect of a single spanwise wire upon the position of transition 
on a flat plate in incompressible flow can be correlated using the 
two non-dimensional groups R;, and x;/x;; here, R, is the Reyn- 
olds Number based upon the wire diameter and the free-stream 
velocity, while x; and x, are the distances from the plate leading 


edge of the transition and wire positions, respectively. In 
particular, for incompressible flow, it was found that 1/R, varied 
linearly over most of the range of x;/x,, a linearity that was 
roughly repeated by the existing results for compressible flow. 

R. A. Jones? has reported the results of experiments upon the 
effects of narrow bands of distributed roughness upon transition. 
These bands were fixed at various positions on a flat plate in a 
stream of Mach Number 3.05. Fora band width, small compared 
with distance from the leading edge, one might expect the correla- 
tion of the results not to be dissimilar from that for the wire 
results. With this possibility in mind, some of R. A. Jones’ re- 
sults have been plotted as was done with the wire results. The 
result is shown in the accompanying Fig. 1. Only results 
for the lowest turbulence level have been used; and, of these, 
the results for transition close to the wire and close to the natural 
transition position have been excluded. The results are seen 
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to be rather scattered, but a mean straight line gives the value, 
when x;/x, = 1.0, of 1/Ry = 0.23.10~3 or Ry = 4,400. 

If now this value is compared with the corresponding value for 
a transition wire at J = 3.05, as given in Fig. 10 of reference 1, 
it is seen that both are of the same order. 

Further detailed experiment is required to confirm or deny this 
result and also to provide a detailed explanation; but, accepting 
the arguments of reference 1, it is not considered unreasonable 
that explanation might take the following lines. 

Extending a blunt body rearward when it is immersed in a uni- 
form stream does not greatly alter its separation drag, and so the 
resistance of a streamwise length of roughness might not be so 
different from that of a wire of the same height. Thus, the ARg 
added to the boundary layer by their presence might not be so 
different in the two cases; and, hence, if the disturbance to the 
boundary layer is satisfactorily indicated by ARg, the transition 
characteristics at subsonic speeds might be similar. Again, 
reasoning on similar lines, one might expect the wave drag of a 
roughness strip to be comparable to that of a wire, even though 
the irregular leading edge of the roughness band might prevent 
a single sharp shock forming. Thus, the effect of a narrow band 
of roughness upon transition close to it at supersonic speeds 
might be similar to that of a wire. 
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2 Jones, R. A., An Experimental Study at a Mach Number of 3 of the Effect 
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Some Remarks on the Controversy Regarding 
Boundary Layers in Shear Flow 


Giinther Jungclaus 
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TT PROBLEM of boundary layers in shear flow has in the past 

few years been treated by Li! 2:5 and by the author.’ In all 
the mentioned papers, the assumption is made that the external 
flow is not influenced by the boundary layer, the condition at the 
outer edge of the boundary layer being u —~ mu + woy, with uM, 
the velocity at the wall and wo, the constant vorticity of the in- 
viscid flow. In contrast, Glauert* postulates that the shearing 
portion woy of the external flow is shifted through a distance 
equivalent to the displacement thickness of the boundary layer 
6*. His outer boundary condition therefore becomes u — uy + 
wo( y — 6*). 

Recently Stuart® has put forth an exact solution of the Navier- 
Stokes equations which lends support to Glauert’s postulation. 
Almost at the same time using linearization of the Navier-Stokes 
equations by means of a development in terms of 1/y» for the 
external flow, and through the usual transformations for the 
boundary layer, Li has demonstrated in another paper’ that the 
boundary layer exerts no influence on the external flow, at least 
with respect to the first-order terms in the case of flow over a flat 
plate. This result apparently controverts Glauert’s postulation. 

A careful study shows, however, that the results obtained by 
Stuart® and Li? need not be contradictory to each other. If the 
postulation by Glauert should be true, it would follow that the 
effect of an arbitrarily small viscosity is not confined to the vicin- 
ity of the wall but will substantially change the entire flow field, 
whenever wo is sufficiently large. Consequently, the fundamental 
assumption of the boundary-layer theory would no longer be 
justified. In view of this, the separation of the flow field by Li? 
into regions of external flow and boundary layer as well as his 
expansion in 7/v and the subsequent linearization for the ex- 
ternal flow will probably not be allowable. His result will mark 


a step forward in the mathematical treatment of shear flow, grant- 
ing that the boundary layer conditions are fulfilled, but as such 
it cannot serve as an argument against Glauert’s postulation. 
On the other hand, the results derived by Glauert! with the 
assumption of the external flow in the form v1, = uy + wo(y — 
6*) will also be incorrect, since the assumed external flow condi- 
tions are applied to the boundary-layer equations, the validity of 
which no longer exists. 

In the opinion of the author, further investigations in the field 
of shear flow should be preceded by a clarification of the neces- 
sary conditions under which the solutions of the Navier-Stokes 
equations for shear flow possess the character of a boundary 
layer. A mere assumption of small viscosity is definitely not 
sufficient, as is shown by the example provided by Stuart.6 On 
the other hand, the good agreement obtained by the author? 
between the boundary-layer theory and the experimental results 
for a flat plate in Couette flow tends to confirm that in this case 
the boundary-layer conditions are fulfilled. 
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Spinning Ballistic Missiles 
W.H. T. Loh 
Chance Vought Aircraft, Dallas, Texas 
July 9, 1959 


SYMBOLS 


Cp = drag coefficient 
Cy = normal-force coefficient 
Cnp = Magnus-force coefficient 
Cm = pitching-moment coefficient 
CMp = magnus-moment coefficient 
Cs = spin-deceleration coefficient 
Cy = yaw-damping coefficient 
d = maximum body diameter 
Ie = axial moment of inertia of missile 
Ir = transverse moment of inertia of missile 
m = mass of missile 
t = time 
v = velocity of the missile in the (x, y, z) coordinate system 
V = velocity of the missile in the (VY, Y, Z) coordinate system 
@ = angular velocity of the missile 
a = angle of attack or angle of yaw 
= any vector 
Subscripts 
x,¥,2 = components along the x, y, z axes, respectively, in the (x, y, 2) 


coordinate system 
X,Y,Z = components along the Y, Y, Z axes, respectively in the (Y, 
Y, Z) coordinate system 


5 gainoage of aircraft and missiles have been analyzed differ- 
ently by aerodynamicists and ballisticians. Aerodyna- 
micists deal with a configuration, essentially non-rolling, non- 
symmetrical, and controlled by forces and moments generated 
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The motion of the ballistic missile is usually analyzed as the 


by control-surface deflections, while ballisticians deal with a 
combination of translation of the c.g. and rotation about the c.g. 


configuration essentially axially symmetric, rapidly spinning, 
and controlled by the gyroscopic and Magnus effects. At small Two sets of coordinate systems are usually used. One set 
angles of yaw, linearized theories have been used by ballisticians. (YX, Y, Z) is a right-hand coordinate system fixed to earth 
At large angles of yaw, considerable inaccuracy sometimes re- Another set (x, y, 2) is a right-hand coordinate system with origin 
sults from the use of linearized theory. When ballistic missiles on the missile c.g. and coincides with the principal axis of the 
are launched in a high wind or when they are launched from a missile and rotates with it. The missile’s instantaneous attitude 
flying platform such as an aircraft, the angle of yaw introduced (6, ¥, @) is defined by the following three consecutive rotations 
either by high wind velocity or by aircraft velocity may be quite from an attitude (x, y, 2) originally parallel to the fixed inertia 


large. In such cases, nonlinear equations must be used. It is axis (Y, Y,Z): (1) rotate an angle @ about the Z-axis, (2) rotate 
the purpose of this note to present such a set of equations. an angle y about the Y-axis at the end of step (1), (3) rotate an 


When aerodynamic coefficients at large angles of yaw are avail- angle ¢@ about the Y-axis at the end of step (2). The equations 


of transformation from one set of coordinates to the other may 


able, these equations may conveniently be solved on a digital 
best be expressed by the following matrices : 


computer. 
Py cos @  —sin 6 0 cos sin y 1 O 0 P. 
Py | =j sin@ cosé@ 0 © cos@ —sin Py, |= 
Pz 0 —siny cosy sing cos@ 


(cos (—sin 6 cos @ + cos @sin sin @) (sin sin @ + cos sin cos 7 P, 
(sin @cos (cos @ cos @ + sin sin y sin ¢) (—cos 6 sin @ + sin @ sin cos 


(—sin y) (cos sin (cos cos 
By the method of inverting matrices, the following reverse transformation may be obtained: 
(cos 6 cos (sin 6 cos y) (—sin y) Py 
P, | (cos @sin sin @ — sin @cos @) (sin 6 sin sin @ + cos @cos (cos sin Py 
P, (cos @ sin ycos@ + sin@sin @) (sin @sin cos @ — cos @sin @) (cos cos d) Pz 
Similarly, the following matrices may be written : 
w: | —sin y 0 1 6 
w, | =] cosysing 0 y 


L wz _| cosycos@ —sing 


wx | —sin cos 6 cos 6] 
wy |=]0 cosé@ sin cos |} 
L wz ia —sin | 
61 0 sin ¢/cos cos ¢/cos 
cos¢? —sin Wy 
L¢ 1 tanysing tan cos 
The aerodynamic forces and moments in the (x, y, 2) coordinate system* may best be resolved into the following: 
Axis Forces Moments 
x Drag Force Spin-Deceleration Moment 
— Cp(1/2) pv? [( )d? — C(1/2)pv?|( /4)d? |\d(w,d/2v) 


Gravitational Force 


—mg sin cos 


Pitching Moment 


y Drag Force 
— Cr(1/2)pv? /4)d? (vy /v) + Cu(1/2) pv? |( )d? + 2,2) 


Magnus Moment 
+ Cy ,(1/2)pv? [( )d? ty? + 
Normal Force Yaw-Damping Moment 


—Cy(1/2) p02 [( 4/4 )d2 ry / vy? + 222) —Cy(1/2) pv? wy? + w.2)(d/20 (wy V + w2?) 


Gravitational Force 
—meg(sin @ sin sin @ + cos 6 cos >) 


Magnus Force 
(wed /20)(02/WV vy? + 2:2) 


Pitching Moment 


Drag Force 
— Cr( 1/2) pv? )d? —Cu(1/2) p02 [( ey? + 


Magnus Moment 
WV vy? + 027) 


Yaw-Damping Moment 


Gravitational Force 

—meg(sin 6 sin cos 6 — cos 6 sin 
Normal Force 

—Cy(1/2) pv? 0,2 + 2:2) VW cy? + wy? + 


Magnus Force 


— Cy (1/2) pv? [( 2/4 )d? vy? + 227) 


* From proper application of equations of transformation from (X, Y, Z) system to (x, y, 2) system. 
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The motion of the axially symmetrical missile after cessation of thrust, in terms of the (x, y, z) coordinate system, may now be written as: 


(dv,/dt) + wyvz — way = — g sin 6 cos (1) 


(dvy/dt) + wr — wrty 


— Cp(1/2) pv? — g(sin sin sin @ + cos cos ¢) — 


Cy(1/2) p02 [( 042 + 0.2)(1/m) + Cy(1/2)p0"[( \(wed /20)(02/W 0,2 + )(1/m) (2) 


(dv,/dt) + — 


— Cp(1/2) pv? [( — g(sin 6 sin cos — cos sin ¢) — 
Cy(1/2) pv? 0,2 + )(1/m) — Cy, (1/2) pv? [( 0,2 + (3) 


Iq(dw:r/dt) = —C,1/2)pv* [(/4)d? |d(wrd/2v) (4) 


Ip(deoy/dt) — (Ir — = Cu(1/2) pv? [( 0,2 + 022) + = 
Cur p(1/2) pv? /20)(vy/V 042 + 042) — wy? + + 0:2) (5) 


I7(dw,/dt) + Ir — Ia)wrwy = — Cu(1/2)pv2[( 0,2 + v,*) + 


Curp( 1/2) p02 /4)d?]d( coed /20)(v2/V vy? + 022) — coy? + + (6) 


k 


do/dt = (sin ¢/cos + (cos ¢/cos (7) 
dy/dt = (cos ¢)wy — (sin ¢)w, (8) 
do/dt = wz + (tan sin + (tan y cos ¢)w; (9) 
Vx = (cos 6 cos + (cos sin sin ¢ — sin cos + (cos sin cos + sin sin (10) 
Vy = (sin @ cos y)vz + (sin sin sin + cos 6 cos + (sin sin cos ¢ — cos sin (11) 
Vz = (—sin + (cos sin @)vy + (cos cos (12) 
= + v,2/v} (13) 
X = Xo +f Vxdt (14) 
0 
, problem of laminar free convection on a vertical plate with the 
ra %+ Vydt (15) nonuniform wall heat flux prescribed by Sparrow.2. The approxi- 
0 mate solution given here is found to be in good agreement with 
t the series solution described in reference 2. Although this brief 
Bm Bg f Vzdt (16) note considers only one type of nonuniform wall heat flux, the 
0 method may be used for many other types of heat flux without 
V2 = Vx? + Vy? + Vz? (17) any great loss in accuracy. 
‘ ‘ , . In reference 1, an integral method is used to derive expressions _ 
v? = v2? + 0,? + 0, (18) for Nusselt modulus, nonuniform wall temperature, etc., for an 
Pas arbitrary prescribed wall heat flux g/qo = f (x). The numerical 
6 = 6% + bdt (19) constants in Tribus’ solution depend on the usual assumed 
4 boundary-layer velocity and temperature distributions, u/m = 
t 
(y/6)[1 — (y/6)]*? and (T — T.) = (Tw — — (y/6)]*. 
tHe f ydt (20) The following expressions can be developed for the boundary- 
. layer parameters, wall temperature, and Nusselt modulus: 
0 uy = => pri/5 864q0Q°~ (1) 


When the Y axis is taken as the altitude axis, density variation 
becomes approximately 

p = Ce?" (22) 

Eqs. (1)-(22) are independent equations and contain twenty- 


two unknowns: Vy, Us, Wr, Wy, We, 0, >, 6, Vx, Vy, Vz, 
X, Y, Z, v, V, a, and p. Consequently, they may be solved. 
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A Closed-Form Solution for Laminar Free 
Convection on a Vertical Plate With Prescribed, 
Nonuniform, Wall Heat Flux 


Richard P. Bobco 

Senior Engineer, Nortronics Division, Northrop Corporation, 
Hawthorne, Calif. 

July 9, 1959 


SING the integral technique formalized by Tribus,! it is pos- 
sible to obtain an approximate closed-form solution to the 


1/4 +271/5 


kv? 7I(x) 
27 +? 1/5 (3) 
| 7 Ath (x) 
Nu 28 q’/3 x I, 1/4 
V/2 Pri/2 — « I(x) (4) 
(Gr)/4 270 gt 


where 


Q [a 
0 


I(x) = Soq-o/) dx, an indefinite integral 
Cc = (35/12)Pr + (4/3) 
= (g8qo/kv?)!/4 


In principle, the problem is completely solved with the pre- 
sentation of Eqs. (1)-(4). Unfortunately, the integral, I(x) 
cannot readily be evaluated except for the simple wall heat flux 
@ = qx", for which a similarity solution also exists. For more 
complex heat-flux relationships, an approximate integration of 
I(x) may be carried out with accuracies suitable for many engi- 
neering applications. 

A technique commonly used to evaluate difficult integrals 
arising in forced-convection problems was utilized here. The 
integral J{(x) was evaluated by integrating by parts once, and 
the residual integral was neglected. The magnitude of the re- 
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sulting error was estimated algebraically. For other cases, the 
error can be estimated by numerical and/or graphical techniques. 
The heat flux considered in reference 2 is 

= + &x/L)’] (5) 
where g and L are reference values of heat flux and wall height, 
respectively, and ¢ is the per cent deviation of g/g) at x = L. 
Then 

Q = gox[1 + A(x/L)*] (6) 
A = «/(r + 1) 


x/L, then the integral J;\(x) may be 


where 


For simplicity, let » = 
written as 


Al +1 ays) 
I(x) = L fe adn = Lit 


Eq. (7) was evaluated for two cases: (1) Pr = 0.915 for which 
c = 4,and (2) arbitrary Pr. In the first instance, it was possible 


dn (7) 
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to expand the numerator of the integrand in Eq. (7) and integrate 


each term by parts. Then, to a close approximation, it is found 


that 
= 
if ) 3 
1. 4a 4n3 
2 ar 4r 8 
[; r+5 (8) 


(Ty — T.) and Ny may be found from Eqs. (3) and (4), but it is 
of greater interest to present a solution which may be compared 
to the results of reference 2. Sparrow presents his solution in 
graphical form by plotting (Ty — Ta)/(Tw — Ta)g versus ¢/q 
using the Prandtl] Number as the parameter. The wall tem- 
perature distribution for a wall with a uniform heat flux can be 


found from reference 2 or Eq. (3) to be 

(Tw — = 1.622(qox/k)((0.8 + (9) 
where Gr,* = g@qox'/kv?. Using Eq. (9) to normalize the wall 
temperature resulting from the heat flux of Eq. (12) leads to the 
expression 


(10) 


Jao 1 + (: r + 62 
5 r+5X\L 2r+ 5 


Eq. (10) and the results of reference 2 for the case Pr = 1.0 are 
compared in Table 1 for several different values of 7 and q/qo. 
The largest deviation between the two results is less than 1.5 per 
cent. The solution given by Eq. (10) can be found for other 
values of 7, subject to the restriction r > —1.0. 

A less accurate, though more general, solution to Eq. (7) can 
This solution also depends on integrating by 
The result is 


also be found. 
parts, then neglecting the residual integral. 


Let! goe 1/3) not} (1 + 


The normalized wall temperature can then be written as 
(To — To)MTo — Tole = {[1 + X 
[1 + A(x/L)r] }o-4 
= {g/qo[l + Mx/L)]}%* (12) 


The loss in accuracy is apparent inasmuch as the dimensionless 
temperature of Eq. (12) is independent of the Prandt] modulus. * 
Although this expression compares favorably with the results of 
Eq. (10) and reference 2 for the case Pr = 1 (the deviation is less 
than 4 per cent), the error for Pr different from unity could ex- 
ceed 9 per cent for certain combinations of Pr, ¢/qo, and r con- 
sidered in reference 2. 

Some insight into the magnitude of the error in J;(x), and the 
subsequent errors in A, (7, — T..), ete., may be gained by con- 
sidering some integral [i] = S udv = uv — S vdu. If it is 
assumed that [i] = uv, the per cent error introduced by this 
assumption may be expressed as 


= 100/[(1 — (uv/ vdu)| (13) 


* The Pr dependence in Eq. 10 is submerged in the numerical constants 
1/5, 1/(r + 5), ete., appearing in the denominator. 


TABLE 1 
(Te — To)/(Tw — 
r Reference 2, Pr = 1 Eq. 10 Eq. 12 
0 1.50 1.383 1.386 1.383 
1/2 1.50 1.345 1.350 1.330 
1.0 1.50 1.321 1.321 1.287 
1.0 1.00 1.000 1.000 1.000 
1.0 0.50 0.645 0.645 0.675 
2.0 1.50 1.295 1.296 1.252 
3.0 1.50 1.278 1.285 1.233 


( 


x \2r (; ar (; 4r]o.2 


For the first case considered above it can be shown that for 
0 < » <1, the maximum per cent error can be expressed as 


%En, < 100r/[(r + 3) + (3/en"*)] (14) 


As an example, for 7 = 1.0, «€ = 0.5,7r = 1, %En < 10%. 
Then, if J,(x) is too small by 10 per cent, from Eq. (1)-(4) it can be 
found that A and 7, — 7. will be too large by 2 per cent, 2 too 
small by 4 per cent, etc. 

A comparable expression for the maximum expected error 
cannot be given at this time for the less accurate integration of 
Eq. (11). The general expression has a strong dependence on 
Prandtl modulus as well as the parameters, « and r, and the 
dimensionless height, 7. However, if Pr, e, r, and n are specified, 
the per cent error can be determined by numerical techniques. 

The author happily acknowledges the encouragement and 
guidance of Professcr D. Harmon of U.C.L.A. in preparing this 


note. 
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— rocket and satellite activities have brought into focus 
a number of important problems involving the behavior of 


* In the preparation of this note, the assistance of Stanford students, G. A. 
McKinzie, J. Gerstley, H. Munson, A. Lindsay, N. Wooldridge, O. Kyte, 
and A. Hill is gratefully acknowledged. 
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MERCURY OIL 


0.90 SEC 


0.90 SEC 


Fic. 1. Liquids in free fall. 


liquids under weightless conditions. If a suitable criteria for 
weightlessness is the absence of any hydrostic pressures, then a 
liquid in a freely falling container may be considered weightless. 
Study of the behavior of liquids in free fall, therefore, can give 
considerable insight into the behavior of liquids in space. A 
photographie study of boiling during 8 ft. of free fall' clearly 
demonstrated the existence of differences between earthbound 
and weightless fluid behavior. An analysis of the relative 
orders of magnitudes of surface tensile, viscous, and inertia 
forces acting on weightless liquid? allows estimation of the 
approximate time required for deformation due to surface tension 
after removal of gravity forces. In the present note, some 
photographs of fluids in free fall are included. It should be 
noted that this study was entirely qualitative and of a very pre- 
liminary nature. For these experiments, a free-fall vehicle con- 
sisting of a 2-in. square lucite box and a heavy steel weight was 
constructed. The vehicle was dropped from heights up to 16 ft. 
and caught by an arresting system. Liquids placed in the lucite 
box were photographed at the bottom of their fall by a 3-micro- 
second exposure flash camera. While the container was dropped 
from successively greater heights, a series of photographs was 
taken which show the progress of the fluid in free fall. It is im- 
portant to remember that the photographs were taken during 
different drops and, therefore, are not quite what would appear 
in a series of motion-picture frames. The deceleration due to 
wind resistance was estimated at a maximum of 0.01g, and, there- 
fore, the fluids were almost exactly weightless. 

In the first series of drops, the floor of the lucite box was lined 
with paraffin, and a small amount of mercury placed on the 
paraffin. The box and the mercury, before the drop, can be seen 
in the upper left corner of Fig. 1. Note that the mercury is off 
to the left side of the box. Photographs taken after increased 
durations of free fall are shown. Note that the surface forces 
act very quickly to pull the mercury together, once the gravity 
forces are removed. In fact, the surface energy is sufficient to 
lift the mercury glob completely off the surface, where it hangs 
in space,asshown. Fora short time the glob retains an irregular 
shape, but before long the surface forces start to reshape the 
glob into a sphere. The time estimates for deformation are 
consistent with those predicted by Benedikt.? A similar series 
of tests with mercury on the lucite floor yielded essentially the 
same results. 

Photographs taken during a series of drops with oil on the lucite 
floor are shown in Fig. 1. Because of the relatively low surface 
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tension for the oil, the time required for motion is somewhat 
longer than for the mercury; but even in the short time available, 
some motion occurs. Note that the oil does not tend to globu- 
late, but instead starts immediately to climb up the wall. 

The difference between the behavior of mercury and oil can be 
attributed to the type of wetting. Mercury does not wet the 
floor, and therefore surface forces tend to pull it together. Oil 
does wet the wall, and the surface forces tend to pull it up the 
wall. 

On the basis of these experiments, it is concluded that fluids 
which wet their container will crawl around the wall, leaving the 
gas pocket in the center. Fluids which do not wet will kick 
themselves off the wall, leaving the gas in contact with the wall. 
However, from energy considerations, it is evident that the 
wetting fluids cannot crawl forever; the surface area is limited 
by the energy available for stretching it, and therefore a wetting 
fluid may not completely cover its container. Similarly, a non- 
wetting fluid may tend to form more than one glob; the energy 
available for moving the mass off the floor may not raise the 
centroid enough to allow a sphere to form, in which case the ulti- 
mate shape would probably be two or more spheres. 
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On the Use of a Spark-Driven Shock Tube to 
Prepare Nonequilibrium Gas Samples} 


Myron S. Wecker* 
Cornell University, Ithaca, New York 
July 13, 1959 


- Bigenseng chemical species of interest in gas reactions only 
eccur at extremely high temperatures. If, however, a 
sample of gas is heated to extremely high temperatures, and 
then very rapidly cooled, it is possible to ‘‘freeze’’ into the gas 
the constituents which would not ordinarily exist at lower tem- 
peratures. Thus, the gas will persist in a nonequilibrium state. 
The purpose of the present note is to bring to the readers’ atten- 
tion a mechanism with which to ‘freeze’? nonequilibrium condi- 
tions into a sample of gas. The basic requirements of the 
mechanism are: (1) production of a high temperature in a sample 
of gas, and (2) rapid cooling of the sample once the desired high 
temperature is attained. Such a mechanism can be achieved 
by utilizing nonsteady waves moving through the gas, since a 
shock wave increases the temperature of the medium through 
which it moves, and an expansion, or rarefaction wave decreases 
the temperature of the medium. A spark-driven shock tube! ? 
is ideally suited for the production of the required wave patterns. 
In a spark-driven shock tube, both the driver and driven gases 
are initially at the same pressure (no diaphragm separating the 
two sections of the tube). The pressure ratio, necessary for 
initiating the shock, is obtained by heating the driver gas, essen- 
tially at constant volume, through the mechanism of an electrical 
discharge. After the driver gas temperature, and thus the pres- 
sure, has been increased by means of the spark, the usual shock 
tube relations can be applied to the flow.* Thus, the pressure 
ratio after the discharge is determined by 


+ This research was partially supported by the Mechanics Branch of the 
Office of Naval Research under contract Nonr 401(25). Reproduction in 
whole or in part is permitted for any purpose of the United States Govern- 
ment. The author is indebted to Professor E. L. Resler, Jr., for advice 
concerning this research. 

* Douglas Aircraft Corporation Fellow. 
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where the subscripts (1) and (4) refer to driven and driver sec” 
tions, respectively. If we assume strong shocks (14, > 1) as 
well as perfect gases and constant volume heating, we find 


ms/m, = + 1)] x 


| 1 re 
1 — —1 )/(m + 


Thus 
(a1/as)My = K(y1, vs, ™s/m1) 


In Fig. (1), K is plotted vs. m,/m, with y; and ys as parameters. 
Now 


(a;/a4)My = (a4i/as) My (91/4 


where subscript (7) denotes conditions before discharge. In 
Fig. 1, (a4i/as)M, is plotted vs. my/m, with y; and ys as param- 
eters. From this figure it can be seen, as is usually the case, 
that the strongest shocks would be produced by a light driver 
gas and a heavy driven gas. 

If we consider the energy transfer from the condenser to the 
driver gas, we find 

Mi = (1 + — 1) W(R/2Cy VO) mi /ms) 
where 7 is discharge efficiency, S is tube cross-sectional area, V is 
discharge potential, and C is capacitance. It is known (see, for 
example, reference 4) that V/p4;/,is approximately constant for dif- 
ferent values of the variables. Thus, we see the Mach Number 


varies with VVC and, as previously determined, with V m/ms. 
Strong shock waves, and thus high temperatures, are produced 
using the spark-driven shock tube. By reflecting the initial 
shock wave off the end of the tube, a reflected shock wave is gen- 
erated which further increases the temperature of the gas. 


CONTACT-SURFACE REFLECTED EXPANSION 


One of the most significant differences between the pressurized 
driver shock tube and the spark-driven shock tube is that, in the 
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Fic. 2. Shock tube schema and wave diagram. 


former, the hottest gas is in region (5), and 7; > 73, while in the 
latter the hottest gas is in region (4), the driver, due to the pres- 
ence of the electrical discharge, and 7, < 7. 

In the head-on collision of the shock wave and the contact 
surface, the transmitted wave is a shock, and the reflected wave 
may be either a compression or an expansion, depending on the 
acoustic impedance, pa, on either side of the contact surface. 
In the spark-driven shock tube, due to the high temperature in 


Fic. 3. Drum-camera photograph of the wave pattern in a 
spark-driven shock tube. 
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Fic. 4. Temperature drop across reflected expansion. 


region (3), the acoustic impedance is such that the reflected 
Thus, the reflected expansion will prop- 
A typical dia- 


wave is an expansion. 
agate into region (5), cooling the hot gas there. 
gram for this type of flow is shown in Fig. 2. 


APPARATUS 


A schema of the shock tube constructed for and used in this 
research is shown in Fig. 2. The tube was constructed of 1 in. 
I.D. Pyrex pipe, and the end and ring electrodes were made of 
aluminum. 

Tests were conducted at pressures ranging from a few milli- 
meters to several centimeters of mercury, using air, argon, and 
helium, both individually and in combination. 

A variable d.c. source was used in conjunction with two 4,000- 
volt, 100-microfarad condensers. A rotating drum camera was 
used to photograph the wave pattern in the tube. The gas was 
made luminous by the combination of high temperature after 
discharge and high Mach Number, and was photographed in its 
own light. 


DISCUSSION OF RESULTS 


In Fig. 3 is shown a photograph of the wave pattern in the 
shock tube. From the slope of the contact surface originating 
at the intersection of the reflected shock and initial contact sur- 
face, we see that the flow is directed away from the end wail. 
Thus, the reflected wave from the initial contact surface is indeed 
an expansion. This expansion, since it originates in the hot re- 
gion (5), is very effective in rapidly cooling the gas. That this 
is so can be seen in Fig. 4, which indicates the theoretical and ex- 
perimental temperature decrease a particle undergoes in passing 
through the reflected expansion, as calculated in reference 5. It 
will be noticed that 7; — 7% is a function of Mach Number of 
the initial shock wave. This allows us to control the cooling 
rate in the shock tube by varying the Mach Number. 

For the conditions indicated in Fig. 3, the initial cooling rate 
near the end of the tube is approximately 2 K 107 °K./sec. In 
this figure, the distance between the contact-surface-reflected- 
shock intersection point is 1.5 in. 
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The Use of the WKBJ Method to Estimate 
Transient Effects on Structural Response 


Robert E. Kelly* 

Fulbright Scholar, Imperial College, London, England, on leave 
from Fluid Dynamic Research Group, Massachusetts Institute of 
Technology, Cambridge, Mass. 

July 13, 1959 


De to an increasing number of problems involving differen- 
tial equations with time-dependent coefficients, the WK BJ 
method has been called on with increasing frequency as a means 
to obtain an accurate, approximate solution. Most recently, 
the method has been applied by Garber! and discussed by 
Squire.2 Also, the assumptions required for its validity can be 
shown to be identical to those of Allen* and Reed‘ in their own 
methods of solution. Thus, the applicability of the WKBJ 
method is quite wide, and comparison with other methods em- 
ployed to date will indicate its simplicity. 
Briefly, the WKBJ method claims that an approximate solu- 
tion of 
ti + G%t)u = O (1) 
where = d/dt is 
u(t) = [G(t)]~@/ C, exp [ip(t)] + C2exp [—ie(t)]} (2) 
where = G(t)dt 
The criterion is established by substituting Eq. (2) into Eq. 
CL): 
ai + {G%At) + (1/2)[G(t)/G(t)] — (3/4) u = (8) 
Thus, the approximation is very good if 
Gt) >> —(1/2)[G(t)/G(t)] + (3/4) [G(t)/G(t)]* (4) 
The method is now applied in order to estimate the effect of a 
continuous variation in stiffness on the impulsive pitch response 
of a two-dimensional airfoil. The system might simulate the 
pitch response of a supersonic airfoil to a sharp-edged gust after 
instantaneous acceleration to a high Mach Number. In such 
a case, as Fig. 4 of reference 5 indicates, the rate of decrease of 
torsional stiffness is much greater than that of bending stiffness 
and also occurs on a nearly linear basis. Hence, the equation of 
interest is: 
Ta + da + (ce) — at)a = 0 (5) 
By using the familiar substitution 
a = u(t) exp [—(1/2)(d/T)t] 
Eg. (5) is placed in the form of Eq. (1). Applying the initial 
conditions: 


ai(0,0) = 0, &(0,0) = 1/1 
The resulting WKBJ solution is 


ai, At, 0) = Vwal X 
{sin (27/3¢1) [wa,? — wa (6) 


where 


wag(t) = (Co — ot)/) - (d?/4a?) 


wi, = — (d2/4a?) 


The constant stiffness solution (c; = 0) is, of course 
ai, (t, 0) = (e~@ wq,) sin wat (7) 
The ratio of envelopes is 


lar, (t,0)| 


(8) 


* Formerly, graduate student, Dept. of Aeronautics and Astronautics, 
M.L.T. 
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The instants of zero amplitude (a;, ,» = 0) may be found from 
the condition 


(27 — wy, (t)] = (9) 


te 
| 


— ((a/Dt way?) = 1 — wy,’) (10) 


If K (eo/f) — (d?/4I*), which is certainly true for the 
lightly damped supersonic airfoil, the left-hand side of Eq. (10) 
may be expanded in a two-term binomial expansion: 


1 (3/2)(c 4,7) =l1- 


or t = nx/w,,, Which is identical to the constant stiffness result. 
Hence, to this order of approximation, the inclusion of continuous 
stiffness variation has a higher-order effect on the pericd. An 
identical result was obtained in the case of a stiffness which was 
a quadratic function of time. Thus, considering the peak 
response in both cases to occur at the initial quarter-cycle point— 
i.e., small damping—and using t = nz/2w,, in Eq. (8): 


QI, v 1 


(11) 
mar 

As one might expect, the additional accuracy obtained by in- 
cluding the continuous variation of stiffness is very small. The 
example shows, however, the usefulness of the WKBJ method in 
achieving such qualitative measures. Also, in an application to a 
hypothetical case, Eq. (11) gave much better quantitative results 
than those obtained through the use of Laitone’s bounds,® as 
compared to a higher order approximation calculated by the use 
of an Airy integral solution.’ 

Although Merrick® recently developed the method inde- 
pendently, his extension to a coupled set of differential equa- 
tions with arbitrary time-dependent operators is invalid because 
he assumes the same linear combination of time-dependent func- 
tions as a solution for each variable. As Hildebrand shows,’ this 
assumption depends on the commutability of the linear oper- 
ators, which property is not present in Merrick’s case. 

Two types of problems involving multi-degree of freedom sys- 
tems may be solved by utilization of the WKBJ method. These 
are: 

(1) Separable systems, such as a beam undergoing uniform 
heating with time, thus having a stiffness which is a product of a 
time function and a length function. The governing partial 
differential equation is still separable, and the ordinary differ- 
ential equation involving time may be solved by the WKBJ 
method. 

(2) Nonseparable systems, where a one-term Rayleigh-Ritz 
solution is assumed for one coordinate, and the WKBJ method 
is utilized for the other coordinate solution. _Nonuniform heat- 
ing of a beam serves as an example. 
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Some Aspects of the Modified Newtonian 
and Prandtl-Meyer-Expansion Method for 
Axisymmetric Blunt Bodies at Zero Angle 
of Attack 


Richard D. Wagner, Jr. 


Aeronautical Research Engineer, 
Langley Research Center, NASA, Langley Field, Va. 


July 14, 1959 


ie A RECENT ARTICLE on hypersonic flow,' Lees and Kubota 
suggested a modification of the local-expansion method to 
predict the surface pressures in the region of a nose-cylinder 
junction where Newtonian theory fails. The modification con- 
sists of matching the Newtonian pressure distribution 


Cy Cy, max sin? (1) 
and the Prandtl-Meyer relation 
(1/p\(dp/d0) = yM?/V Mt 1 (2) 


at the point on the nose surface where both the pressure and the 
pressure gradient, predicted by these two solutions, are equal. 
With this approximation, the pressure distribution can be pre- 
dicted quite accurately up to the nose-cylinder junction for 
blunt-nosed bodies of continuous curvature, provided centrif- 
ugal-force effects are negligible. 

The purpose of this note is to facilitate the application of Lees’ 
suggestion and to draw attention to some of its consequences. 

With this aim, the matching-point location (in terms of the 
angle between the tangent to the body surface and the body 
centerline) and corresponding local matching-point Mach Number 
were determined as functions of the free-stream Mach Number 
and are presented in Fig. l(a) and (b). Due to the current in- 
terest in helium, the results are presented for both helium and 
air. The curves were obtained using Eqs. (1) and (2) and the 
isentropic relation 


= {1+ — 1)/2)?} (3) 


assuming that the stagnation pressure immediately downstream 
of the normal portion of the bow shock exists over the entire nose 
of the body. 

Having obtained the matching-point location and the local 
matching-point Mach Number, the Prandtl-Meyer expansion 
can be used to predict the pressure coefficient at the nose-cylinder 
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junction. (See Fig. l(c).) It is interesting to note that the 
pressure coefficient at the initial point of induced pressure effects 
can be predicted quite accurately by the following equations: 


= 0°(M, = ~) — (0.827/M,2) (air) (4) 
=0°(M = ~) — (1.005/M,2) (helium) (5) 


Cre = 0° 


Cryo = 0° 
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The form of these equations was suggested in the results of refer- 
ence 2. 

The matching-point location and the corresponding local 
Mach Number are seen to be essentially independent of the 
free-stream Mach Number at hypersonic speeds. As a result of 
this Mach Number freeze, the following observations can be made 
in regard to hypersonic flight speeds: 

(1) The Prandtl-Meyer expansion predicts that the pressure- 
coefficient distribution from the matching point to the nose- 
cylinder junction will also be essentially invariant. 

(2) The pressure coefficient at the initial point of induced 
pressure effects on the cylindrical afterbody will be independent 
of Mach Number. (See Fig. 1(c).) 

Since no geometrical restrictions have been made, the matching- 
point location and corresponding local Mach Number, the pres- 
sure distribution from the matching point to the nose-cylinder 
junction, and the pressure coefficient at the initial point of in- 
duced pressure effects on the cylindrical afterbody will be inde- 
pendent of body geometry. 

In Fig. 2 is shown the complete pressure distribution (in terms 
of C,/Cp, max vs. the surface incidence angle) for various free- 
stream Mach Numbers. Note that as the free-stream Mach 
Number increases, the pressure distribution downstream of the 
matching point rapidly approaches the limiting case of an infinite 
Mach Number. Therefore, a universal curve of C,/Cp, max VS. 
6 is obtained which will apply to any blunt-nose body with con- 
stant curvature at any Mach Number above approximately 19, 
provided centrifugal-force effects are negligible. 
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